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SYNOPSIS 


*A Study of Rmctional Differential and 
Integro- Differential Equations Containing 
Measures', a thesis submitted in partial 
fulfilment of the requirements for the Ph.D. 
degree by Rai Ramjee Sharma to the Department 
of Mathematics, Indian Institute of Technology, 
Kanpur, 

When a system described by ordinary differential 
equation dx/dt = fCt,x) is acted upon by perturbation, the 
perturbed system is generally given by ordinary differential 
equation of tne form dx/dt = f(t,,x) + G(t,x) where the 
perturbation term G(t,x) is assumed to be continuous 
or integrable and as such the state of the system 
changes continuously with respect to time-. But in physical 
systems one -cannot expect the perturbations to be 
well-behaved and it is therefore important to consider' 
the case wuen the perturbations are impulsive. This will 
give rise to equations of the form 

Dx = f(t,x) + G(t,x) Du (1) 

where Du denotes the .distributional derivative of 
function u(t). If u is a function of bounded variation, 

Du can be identified with a Stieltjes mea'^re and will 
have the effect of suddenly changing the state of the 
system at the points of discontinuity of u* By a 
solution x(.) of (l) is meant a function of bounded 
variation whose distributional .derivative Dx satisfies 
the equation ( l) . W.W.Schmaedeke in his paper ’Optimq,! 
Control Theory for Nonlinear Vector Differential ' 



XL 


Equations containing Measures’ (SIAM- J. on Control, 'Vol. 3 
(l966), $)p. 231-280) considered the theory of equation (l) 
in the ■ special case when G depends only cn t , 3 x)=G(t) 

and is assumed to be a continuous function of t in order to 
apply the methods of Riemann-Stielt jes integrals in the 
subsequent analysis. The present thesis deals with the 
existence and some other properties of the solutions of 
equation (l) and its generalisations to the following 
functional differential and integro- differential equations: 


Dx = f(t,x^.) + G(t,x.^;) Du 

(2) 

Dx = f(t,x^) + GCtjX^) Du ' 


H(x(t+to- s)) d>,(s) 

(3) 


where represents the restriction of the function 
x(s) on the interval pCt) s' ^ q(t), p and q being 
^functions yith-the property. p(t) j< q(t) < t for each 
t >. t^. In the analysis that follows, the possibility 
that G(t,x.j.) and u(t) may have common discontinuities » 
unlike the case in Schmaedeke’s work, renders the method 
of Riemann Stieltjes integrals unapplicable and 
Lebesgue Stieltjes integrals are therefore used. 

In Chapter 2 the equation < 3) is converted to 
an equivalent integral equation by a careful use of the 
integration by parts procedures for L.S. integrals which 
are not valid in general and through this various 
theorems concerning existence and uniqueness of 
solutions of (3) are established. 



Chapter 3 deals with a special case of (3) 
where G is independent of x, i.e. GCtjX^} = G(t). A 
constructive proof of tiie local existence and uniqueness 
theorem is given. It also treats the continuous dependence 
of solution on the initial function and tiie right hand side 
of the equation. 

In Cnapter 4 equation ( l) is considered. A local 
existence theorem is proved by relaxing the hypotheses 
on G in the corresponding theorem for (3). The problem 
of stability for the solution of (l) is also considered. 

In Chapter 5 an optimal control problem with a 

IL 2 

vector-valued cost functional J(u) = (1 (u) , J (u)....., 

I 

J(u)) is formulated for a control process governed by (2), 

A partial ordering is defined in tiie ’cost' of the controls 

as follows J J(u*) < JCu)' if J^(u*) < i = l,2,...]t. 

( 

A control u*(t) is defined to be optimal if J(u) _< J(u*) 
implies J(u) = J(u*). The existence of an optimal 
control is established under suitable conditions. 



CHAPTER 0 


INTRO KTCT ION 


0.1 FDNCTIONAL DIFFERENTIAL AND 

INTEGRO- DIFFERENTIAL EQUATIONS 

Some important problems of physics and technology 
where hereditary effects' play an important role> led to 
the investigation of differential equations with 
deviating argument and integro- differential equations 
( L23 , CSTl ) . In the last two decades such, equations 
have received abundance of applications not only in the 
various branches of physics and technology but also in 
economics and biological sciences (see the bibliographies 
in. LsJ and 1271 ). This has caused much interest in the 
theory of differential equation's witli d'eviartlrig argtacSHlrs'' 

and of integro-^ differential equations. In the last 15-20 

( 

years an enormous number of papers have been devoted to 
such equations - particularly in USSR (see [[36j and the 
bibliographies in [^123 » [P'7 3 )• In particular’} many 
results from the theory of ordinary differential equations 
were translated to differential equations with deviating 
arguments and to more general functional differential ~ 
equations, and integro-differential equations which 
allowed to construct general theory . of suoh equations. 



' Differential ecjiiations with deviating arguments* 
are differential equations in which the unknown function 
and its derivatives appear with various values of the 
argument. For example : 


x(t) = f(t,x(t) ,x(t-h)) 

(0.1. 1) 

x(t) =: f(t,x(t) ,x(t-h 3 ^(t)) ,x(t-h 2 (t)) , 


. . . . , x(t— hjjj(t) ) ) 

• 

H 

• 

O 

x(t) = f(t ,x(t) ,.x(t) ,x(t-h(t ) ) , 


x(t-h(t))) 

(0,1.3) 

x(t) = f(t ,x(t) ,x(t-h^) ,x(t-h 2 ) ) 

(0.1.4) 

x(t) = f(t ,x(t) ,x(t) ,x(t-h(t) ) 


x(t-h(t)), x(t-h(t))) 

(0.1.5) 


If in a differential equation with deviating, argument 
the highest- order derivative of the unknown function 
appears for just one value of the argument then the 
equation is said to be of 'lag type' or 'advanced type' 
according as this argument is not less than or not 
greater than all arguments of. the; unknown function and 
its derivatives appearing in the equation. For example., 
eiquations CO.l, l), (0.1.2) and (0.1.3) are equations ( i) 
o^ lag type if h>0 in (O.l.l), hj(t) > 0 for j=lj2,..., m 
in, (0.1.2) and h(t) > 0 in (0.1,3) ; and (ii) of advanced 
type if h < 0 in (0.1.1), hj(t) < 0 for j=.l,2,..., m 
in (0.1,2) and h.(t) < 0 in (0.1,3), All other differential 
equations with deviating arguments, for examples 
equations (0,1,4) and (0.1.5), are called ecyiations of the 
neutral type. An analogous classification applies also 
,;/for systems of equations. . • 



Consider now the following integro- differential 
equation with deviating argument : 

(n) (n-l) 

X (t) = f (t ,x(t) ,xCt) , . . . , X (t), 

x(t-h(t) ) , . . . , )) 

^ s (k) 

‘^r^g(t,s,x(s),x(s)..., X (s), 
x(s-h(s)),x(s-h(s)), . . . , 
x(s-h(s))ds (0,1,6) 

('xl ) 

V dtn / 

where ^=t, or6'=h = const. 

If max < n, then the classification of 

integro-differential equation (0.1.6) is possible 
to do according to the differential part, as it was 
done above for .differential equations with deviating 
argument. If max-^k,(|- > n then for the classification 
we have to take into account the integral part. In 
this case the equation cannot be classified by the 
external appearance. Consider, for example, the 
following equation 

x(t)=x(t) + 1“^ B(s)x(t-s)ds 

where the function B is twice differentiable. 

,V 1 ' . 

Integrating B(s)x(t-s)ds twice by parts, we obtain 
the integro-differential equation 

x(t)=x(t3+B( l)x(t- 1)-B(0)x(t) 

-B( l)x(t-l)+B(0)x(t)+fQ B( s)x(t-s)ds. 
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From this it is seen that we can obtain different types 
of equations with different B( l) , B(0), B( l) , B(0), For 
the classification in such cases it is necessary to start 
from the solutions of integro- differential equations. If 
the solutions get smoothened then the equation is said to 
be of lag type. If the smoothness deteriorates then it is 
of advanced type. 


In this monograph we shall be concerned with 
equations of lag type vAiich are most often encountered 
in applications. Since t usually represents the time in 
applications, we shall be interested in continuing a 
solution in the direction of increasing t. Equation (O.lSl) 
with h>0 represents the simplest type of equation with 
time lag. In (0.1.2), where hj(t)>0, the values of the 
function x appear with different time lags and these time 
lags depend on t. For a more general equation with time 
lag, we may consider 

x(t) = f(t^x(t+e), -h<9<0) (0.1.7) 

.where for each fixed t, f is a functional defined on a 
function space given in C"h,0 3 , h>0. The function f 
therefore depends on the whole behaviour of function x on 
Ct-h,t3» Equations of the form (0.1.7) are called 


|iinctional differential equations. Equation (0,1.6) can 
^Iso be generalized to a functional integro-differential 
•'equation if t-h(t) is replaced by t+0,-h<9<0. 




s 


¥e shall now formulate the initial value problem 
for the system. of functional integro- differential equations 

= f^(t,x^t+e),x^(t+e),...,x^(t+e),-h<9<o) 

( t jS 5 “X^( s) ) . . . s) )ds j 

i“ IjS j • • • jU 

or in vector form 

If- = f(t,x(t+e),-h< 0 <O)+;/g(t,s,x(s))ds (0.1.8) 

at & 

where 5" =b, or <5 =t. Let a n- vector function ^ := (<p‘» - 
defined on |Lto-h,toJ be given. The initial value problem 
consists of determining an absolutely continuous n-vector 
function xC.) which satisfies (o.l,8) a.e. for t>tQ and 
is such that 

x(t)s=^(t) for tQ-h<t^to . 

The function (p is called the ‘initial function’. 

The initial value problem is formulated above with 
"^^o* However, for Integro- differential equations it 
is crucial to know the position of t^, more particularly 
whether or to:/: a where a is the left limit of 

integration. If tQ>aj the equation (0.1.8) can be reduced 
to one with to=a; if tQ<a, equation (0.1.8) is of advance 
type which may not have a solution. That is why existence 
theorems for functional integro-differential equations 
where to?^a to our knowledge is absent in literature. The 

initial value problem for to=a appears quite often in the 

/ 

application ere heredity : into account and is 
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solved rather easily. Existence theorems in these cases 
are obtained by bringing the equations to integral 
form and then us ing the usual methods of integral equations 
such as contraction mapping principle, Schauder’s fixed 
point theorem and methods of successive approximation. 

Differential equations with deviating arguments 
are extensively investigated by Bellman and Cooke , 
El*sgol'ts {[8,9 3 ,Myshkis [[$41 , and Pinney 1 , 

Functional differential equation of the form (0.1.7) is 
investigated by Halanay {[13} Krasovskit Ql^ 3 . The 
equation (0.1.7) with C-h,0[] replaced by (-ooj03 has been 
studied by Oguztoreli {[ . For contributions in 

integro- differential equations with deviating argument 
one can refer to 1[[363 • A survey of methods, techniques 
and related questions pertaining to such equations is 
presented by Gromova [[ 12l • 

0.2 OPTIMAL CONTROL PROBLEM 

In the theory of optimal control we quite often 
consider the following problem. Let there be given : 

(i) a set QCR^, 

(ii) a function f from R x R^ x Q to R^, 

(iii) a function f'^ from R x R^ x 0 to R, 

(iv) an interval [] t^jt ^3 C R, 

(v) a family 3 of closed sets T^Cr’^ defined for 
t e [t^^, > 

(vi) a real number tQ<t^, 
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(vii) a point 

(viii) a set U of functions n defined on tQ<t<t 
where t € Ct]_,t 2 i with values in Q. 

I»et Uq be the subset of IT consisting of such functions f*'!* 
which the corresponding solution x of 

= f(t,x(t),u(t)), x(tQ)=x CO.P.l) 

dt 

exists for tQ<t< t and satisfies x{t)6T£. The 
optimal control problem consists in finding u in 
for which the functional 

J(u)= f‘*^(t ,x(t) ,u(t))dt (0,2,2) 

^o 

takes its smallest value. A particular case of optimal 
control problem is ’ t ime- opt imal problem’ In which 
1 (so that J(u)=t-tQ=transfer time) and tQ=t 2 . 

The family 3 is called the target set, the 
functions u of U are called (admissible) control functions, 
Q is the control set (or control region), the solution x ' 
of (0.2, l) is the trajectory corresponding to u, and J is 
called the cost functional. A pair u, x which minimizes 
(0.2.2) is called an optimal solution, u is an optimal 
control , and x is an optimal trajectory. 

Generally the sets T^ vary continuously with t. 

The sets T-j^ may be independent of t, or each one may 
consist of a single point. In the first case we have a 
fixed target, in the second case the target is a single 
point ^ (t) in R^, Other problems are obtained when 
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(i) the initial point is free to move on a given 
manifold in (ii) t^^ is free j (iii) x is restricted 
to have values in a region X ^ R^. The set Q (and also X) 
need not be open. In fact, many technical problems 
require the control set Q to be compact. In such a case 
the optimal control may occur on the boundary of Q. Thus 
the optimal control problems fall outside the realm of 
the classical calculus of variations (see Csi, Chapter V ) 


For the principal results dealing with the 
existence of optimal control one can refer to £201 and 
C and the references given therein. Some of these 
results have been extended by Oguztoreli £271 control 
systems characterized by 


dx 

— = f(t,u(t),x(t+e), 0) 

dt 

x(t)= (t) for t6C°<>tol 


(0.2.3) 


For formulation of optimal control problem in this case 
one is required to replace (0.2.1) by (0.2.3), and 
Xo by(i?(t) in the problem formulated above. 

In an optimal process where optimal control 
with respect to a given cost functional Jq(u) is not 
unique, one can introduce a second cost functional 
J 2 (u) and choose a control vhich minimizes 
among the controls which minimize J 2 _(u), If optimal 
control obtained this way is not unique, the above process 
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can be continued by introducing more cost functionals till 
the unique optimal control is obtained. A hierarchical 
optimal problem of this kind is considered by Chyung|[45 . 

0.3 SYSTEMS CONTAINING MEASURES 

In the systems given by ordinary differential 
equations the values of the state variables change 
continuously with respect to time. When a physical .system, 
contain impulses, there occur discontinuous changes in 
the state variables of the system. Examples of such systems 
are pulse frequency modulation systems and models for 
biological neural nets. (See Pavlidis ^2B^29^ and the 
references given therein). The ordinary differential 
equations are, not suitable to deal with the systems 
containing impulses. Such systems, in fact, give rise to 
equations of the form 

Dx = f(t,x) + G(t,x)Du (0.3.-1) 

where Du denotes the distributional derivative of the 
function u. If u is a function of bounded variation, 

Du can be identified with a Stieltjes measure and has 
the effect of suddenly changing the state of the system 
at the points -vdiere u is discontinuous. For example if 
u is the Heaviside function ' 

f 0 for t<0 

u(t) =1 

f 1 for t><S 

then Du is the Dirac measure (known as Dirac, 6- function 
by^i^Ysfcists and technologists). Schmaedeke |_342 has 
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considered the theory of equation (0.3.1) in the special 
case vihen G is independent of x and is a continuous 
function of t only. He also considered the existence of 
optimal control for a control system given by 

Dx = f(t,x,u) + G(t) Du (0.3.2) 

But the equation (0.3.1) has a more natural 
interpretation as perturbation of the ordinary differential 
equation dx/dt=:f(t ,x) -where G(t,x)Du represents an 
impulsive perturbation. Usually we are concerned -with 
stability vhere the perturbations are continuous or are 
sufficiently smooth so that the solutions are continuous. 
But in nature all perturbations cannot be expected to 
behave so well. So the perturbations of the type 
G(t,x)Du are more realistic. Barbashin ti3 and Zabalishchin 
have initiated consideration of stability with 
respect to impulsive perturbations. 

0.4 OUTLINE OF THE THESIS 

Chapters 2, 3, 4, 5 form the main body of the 
present thesis, and Chapter 1 contains the requisite 
mathematical equipment which is not a part of any theory 
of ordinary differential equations. 

Chapter 2 deals with the existence and 
uniqueness of solutions of the system of functional 
integro-differential equations 
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Dx^(t)_f^(t,x^, . . . ,xt) +J_^g^Ct jx^, . . .x^)Da^(t) 

t m i 1 • ^ ^ 

4*/ S h {x 

to 0 = 1 j ° 

x^(t+tQ- T))d?!?(.T) for t>t^^, 

• (0.4.1) 

x^(t)=(P(t) for =(<t<tQ 


where represents the restriction of the function 

x^(s) on the interval p(t)<s<q(t), p and q being real 

functions with the property ^<p(t )<q(t)<t for each 

t^tQ ; for each fixed t, ft and are functionals 

0 

defined on the space BV( ^p(t),q(t)j ) ; u^(t) and 
<1 

X (t) are functions of bounded variation and are also 
right continuous ; and the derivatives Dx^Ct) and 
DuO(t) are the distributional derivatives of x^(t) and 
uO(t) respectively. For brevity we write (0.4.1) in 'the 
vector form 


Dx(t)=f(t,xt)+G(t,xt)Du(t) 

H(x(t+to-T )dA ('T ) for t>to 
° (0.4.2) 

x(t)=^(t) for =<<t<to 

where G(t,Xj.) and H (x(t+tQ-T)) are n xm matrices. 

With different choice of functions p and q, equation 
(0.4.2) can be transformed into various integro-differential 
equations of lag type. 
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Tbe consideration of equation (0,4,2) is 
motivated by £34^ and £21^ . In the optimal control 
problem considered in [341 the coefficient G of the 
impulsive controllers (see equation (0.3,2)) may be 
eixpected in many cases to depend not only on time t but 
also on the state variables x. Moreover the system may 
have hereditary effect. This consideration necessitates the 
study of the control system described by 

Dx(t) = f(t,x-|^,u(t))+G(t,xt ju(t))Du(t) (0,4,3) 

If G depends only on t, and p(t)=q(t)=t so that 
34.=x(t), then (0.4.3) coincides with (0.3.2). Next, if 
in (0,4,2) f depends only on t, and G-0 then we obtain 

Dx(t)=f(t)+X^ H(x(t+to-'t)).d>(^ ) (0.4.4) 

to 

In this case the solution can be taken to be an absolutely 
continuous function and then the distributional 
derivative Dx coincides with ordinary derivative dx/dt. 
Such an equation occurs in reactor dynamics and has been 

considered in £ 2 ^ . 

Coming back to (0.4.2), we shall first define 
what is meant by a solution of it. Let S be a domain 
(an open connected set) in and let BV(I,S) denote the 
set of all vector- functions with values in S # 10 se 
individual components belong to BV(I). By a solution 
of (0.4.2) on I = £=(>6"3 or £=(,<r ) with the initial 
function (^€BV( |j=(jtQ^ ,S) we mean a function 2 £BV(I,S) 
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\daich is right continuous on (to, satisfies the 
second equation of (0.4.2) on jj{,to3 , and whose 
distributional derivative on (tojT) satisfies the first 
equation of (0.4.2) for any T>to in I. To obtain the 
existence theorems, (0.4.2) has first been transformed 
into an integral form. More precisely, it has been proved 
in Theorem 1 that x is a solution of (0.4.2) iff it is a 
solution of the integral equation 

l^’(t) for '<<t<tQ 

'f(to^'^i'to^^®’^s^ds+r^^G(s,Xg)du(s) (0.4,5) 

, 4 fl H(x(s+Vir))d>('r) ds 

^o ^ ^o 

for t>to 

where it is assumed that for each x, f(t,x^) is 
Lebesgue measurable function of t and G(t,xt) 
measurable with respect to the Lebesgue-Stielt jes 
measure generated by u. The integrals are taken in the 
sense of Lebesgue and Lebesgue-Stieltjes integrals. 

This requires in the proof of Theorem 1 a careful use 
of integration by parts formula since it is not valid 
in general for Lebesgue-Stielt jes integrals. In [^34rJ » 
since the function G(t) is assumed to be continuous, 
the methods of Riemann-Stielt jes integrals were 
sufficient. But in the present case if G(t,x^) and u(t) 
have common points of discontinuity then JG( s,Xg)du( s) 
is not defined as R.S. integral and thus the, methods of 
R.S, integrals are not applicable here. In Theorem 2 , 



local existence and nniqueness of solution of (0.4.2) 
has been proved, by the application of principle of 
contraction mapping, assuming that H is locally 
Lipschitzian on S, f and G are locally Lipschitzian 
in X, and some other conditions. Using a method of 
successive approximation. Theorem 3 shows that Lipschit 
conditions are not neeessary for the local existence of 
solution. Theorem 4 is an extended existence theorem. 

In Chapter 3, a special case of (0.4.^ when 
G is , independent of x, i.e, G(t,xt) = G(t), is considered 
Theorem 5 gives a constructive proof of the local 
existence and uniqueness of solution (under conditions s 
similar to those in Theorem 2) using Picard* s successive 
approximation procedure. Theorems 6 and 7 deal with the 
continuous dependence of solution on the initial 
function and the right hand side of the equation. 

Chapter 4 deals with the equation (0,3.1). 

It is shown in Theorem 8 that in this case it is 
possible to prove the existence theorem by relaxing 
the hypotheses on G. Regarding (0.3, l) as perturbation 
of ordinary differential equation dx/dt = f(t,x). 

Theorem 9 treats the stability of (0.3. l) when the 
stability of lanisBUtaubea System is known. 



Lastly in Chapter 6, an optimal control problem 
with a vector valued cost functional J(u)=( J^u) , . . . . . 
J (u)) is formulated for the process governed by 
(0.4.3). A partial ordering is defined in the 'costs* 
of the controls as follows : 

JCu*)<j'(u) 

If k = 1,2, i. 

A control u*(t) Is defined to be optimal If 

J(ti)<J(u*) implies J(u) = JCu*). 

The existence of an optimal control is treated in 
Theorem lO, 



CHAPTER 1 
PRELIMINARIES 


It is the purpose of this chapter to recall 
certain notions anc3 results of analysis which are used in 
the subsequent chapters. 

1. 1 FCNCTIONS OF BOUNIED VARIATION 

A real variable will be denoted by t. Let I be- 
an interval, finite or infinite, of the real line. If 
is a scalar (real .or complex) function on the interva,! I, 
its total variation' function v^^ is defined by 

v^(t)=:sup ?b(ti)- f(ti.^)l ,tei 
where the supremum is taken over all N and over all 
choices of such .that tj_ei and 

tQ^t2^^ ... ^tjj^t 

In general, ^ 

Oj<V^(t)< V(^(t’)^ , (t<t' ). 

This Implies that if v^ is a bounded function, then 

v(^,I)=lim v-(t) 
t^b- ' 

exists and is finite, where 'b is the right end point of I. 
In this case (p is said to be of bounded variation on I, 
and V (^,1) is called the total va^fiation of<^ on I. If 
is a function of bounded variation on I then the left-hand 
limit^(t-) exists for every t except the left end point 



of J, the right-hand limit {i?{t+) exists for every t ^ 
except the right end_point of I, and the set of points at 
which^is discontinuous is atmost coiintable. Also, if 
t<t* then 

jip(t*)-«f^<t)| < v^(t')- v^(t) 

The class of all scalar functions defined and of bounded 
variation on I is denoted by If the norm 

of ^ is defined by 

Ill'll = ,1) + |^(a+)| (1.1.1) 

where a is the left end point of I. With this norm 
BV(I) is a Banach space. A function BV(I) is called 
normalized if ^ is right-continuous at each interior 
point of I and ^ (a+)=0 where a is the left end point 
of I. The class of all such functions is denoted by 
NBV(I) and is also a ^nach space with the norm given by 

\ (f t j = v(y ,1) ( 1.1.2) 

If5^ eNBV(I) , then v^, 6NBY(I). If(peBV(I), then 
there is a unique constant c and a unique function 
'*^^eNB7(I) such that 

Cp (t) = c+''f (t) 

at all points of continuity of <p. Also, v('y,I)< v(^,I), 

According to a theorem of Helley, if an 
infinite family of functions GBli ^a,b^ ) is such 
that all functions of the family and. total variation 
of all functions of the family are uniformly bounded 



then there exists a sequence in th i. fanily 9' which 
converges at every point of |a,bj to seme function 
^ 6B7(* l^ajh 1 ) ; moreover, 


v(1f> , ra,b^ ) < iJffi V % , Ca,b} ) (1.1.3) 


A function <p on I is said to be absolutely 
continuous if for everyth 0 there exists a 6> 0 such 
that 

K N 

2 jbi-aij <6 implies 2 1 (p (bi)-t(ai) 1 < b 

i==l 

■sdienever (aj^bi), i=l,3,..,,, N are disjoint subintervals 
of I, If(^is absolutely emtinuous function on a bounded 
interval I then«p€BV( I) . 


The n- dimensional Euclidean space will be 
denoted by and the norm of a vector'|-(^, . . . . , |’^)6R^ 
will be defined by 

111 = 2 '' j j (1.1.4) 

i=l 

Let denote the set of n x m matrices of real 
numbers. The norm of a matrix M = (M^) CtYt will be 
defined by 

n m i 

1^1=2 2 i M.( (1.1.6) 

1*1 j*l ^ 

By will be denoted the space of 

all vector functions ^defined on I with values in R^ 
whose individual components €BV(I). The norm of is 
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11'?’ Ill = Ljf li = 

-v(^,I)+<pta+) 

"vdiere a is the left end point of I, and v(^,I) is 
the total variation offjp on I defined hy 

vCCp ,1) = 2 v(^^,I) 

i=l ’ 

With this norm BVCD^^ is a Banach space. The space 
NBVd)^^ consists of those functions vtoose 

individual components £NB?(I). NBV(I)j^ is a Banach 
space with norm given by 

I = v(<f.\I) = vC<p ,1). C 

1.2 COMPLEX MEASITRES 

We shall skip over the well known concept 
of 'positive measure' (usually called ‘measure') and 
integration with respect to this measure, and shall 
recall some definitions and results concerning complex 
measures only. 

Let S be a (f-algebra in a set X, i.e, a 
collection of subsets of X -vtiich contains the empty 
(void) set, the complement (relative to X) of each of 
its members and a countable union of its members. A 
countable collection of members 'of ^ is called a 

partition; of E if S^- 0 Tidienever i^a? and if • 

' '00 , ■ ' • 

E = JJ Ej_« A complex measure ^ on is a complex funct ion 


( 1 . 1 . 6 ) 


(l. 1.7) 


1 . 1 . 8 ) 
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on ^ such that ■ 

oo 

/4(E) - 2 /< (Bj.) (Ee^ ) 

i=l 

\ 

for every partition -^E^^ of E. We can similarly define 
real measures which, infact, form a subclass of the 
complex ones. 

The total variation f /*j of a complex measure 
on g, is a set function on^ defined by 

oo 

j/ 4 l (E) = Sup 2^^|/t(E.)| CE65), 

the supremum being taken over all partitions j 

of E, It turns out that i /* } actually is a positive 
measure on . Furthermore, i/x|(X) < oo , If ^ is a 
positive measure, then \^ \ - H . 


Let f be |U -integrable and, for EG^ , let 
i>(E) = /gfd^ . C 1.2.1) 

Then , by Dunford-SchiAartz [^7,Th.20,p. f ^ 471 , 

Id I (E) ^ Tgifi dl/4l, mg (1.2.2) 

Let /-c be a real measure ( frequently called 
’signed measure’) on a < 5 -algebra^ . We define I /I | as 
before, and cTefine 

K "" ({/^|+/< ) , ~ ( Ip- l-p )' ’ (1.2.3) 

Then and p are positive measures on£„ , and are called 
positive and negative variations of ^ , respectively. 

y — I A hi \- ^ if (1.2.4) 

_ y. — ^ y 1 1 u "b ^ 
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This representation ofyu. as the difference of the positive 
measures yu and yH is called the Jordan decomposition of 

If a function f is both and - integrable, then f is 
said to be ^-integrable , and we define 

/gfd|U = ^ (1.2.5) 

(see Monroe [23, p.l84l , Halmos |[15, Sec. 29 (7)]) 

Let ju be a complex measure on g" -algebra^ in X. 
Then there is a measurable f>inction h such that 
lh(x)l = l for all xSX and such that 

f^(E) = Ighdlybll (ES^ ) (1.2.6) 

We may, therefore, define integration with respect 
to a complex measure ^ by the formula 

= rgnidl ^ I (seg ) ( 1 . 2 . 7 ) 

(see Rudin ^33, Sec.6.l8, eqn.( l) 1 ) 

Let Abe a positive measure on a 
($■ “ algebra^ , and letjxbe an arbitrary measure 
(positive or complex) on^ . ^ is said to be absolutely 
continuous with respect to X if to every £ >0 there 
corresponds a 6>0 such that [^ (£){<£■ for all E6(f 
withX(E)<6. 

If X is a topological space, there exists 
a smallest -algebra in X such that every open set 
in X belongs to . The members of /g are called Borel sets 
of X. A measure if defined on the <r- algebra of all ■ 



Borel sets a locally CQmpj&ct Hausdprff space 3^ is 
celled a Borel measure op X, A ccmplejc Borel measure 
on X is called regular if for each and ^ >0 there 

exists e set F in(^ ■whose closure is contained in E and 
a set G in ^ -whose interior contains E such that jj|UCC)| 
<i for every C in(g with C c G-F. 

The support of a complex function on a 
topological space X is the closure of the set 

xj "y ( x) ^ 0 . 

The collection of all continuous complex function on X 
whose support is compact is denoted by C^Cx). This forms 
a normed linear space with addition, scalar multiplication 
and norm defined by 

^Yi + ^ 2 .) (x) = y(x) + %(x) 

(Ky) (x) = Kyix) (1.2.8) 

il y (I = sup iy (x) 1 
xSX 

Let X be a locally compact Hausdorff 
space; If |U is a complex Borel measure on X then the 
mapping F defined by 

F(y ) = dp if ec^ (x)) (1.2.9) 

is a continuous linear functional on C^^Cx). Actually all 
continuous linear functionals on C(,(X) are of this form. 
This follows from the Riesz Representation theorem which 
states that to each continuous linear functional F on C^CX) 
where X is a locally compact HaUsdorff space, there 
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•corresponds a unique complex regular Borel measure yu, such 
that 

F (f) ff &u ) (1.2.10) 

.XI 


Let f he a right continuous function of bounded 
variation on the open interval (a,b) vhich may be finite 
or infinite. ¥e extend the domain of f to L^^bJ by 
defining fCa) = f(b) = 0. Then the set function defined by 
p- ( ra,d3) = f(d) - f(a) and jJ.((c,d2) = f(d)-f(c) for 
a < c < d < b has a regular countably additive extension 
to the <5" - algebra of all Borel sets in [^a,b^ , The 
restriction of this extension to the 6" - algebra of Borel 
subsets of (a,b) is called the Radon or Borel-Steiltjes 
measure in (ajb) determined by the function f. Now let 
^ consist of all sets of the form eUtT where E £ jg) and N is 

a subset of a set M 6^ with j (M) = 0. Then{£)^ is a 

• ■ X 

(f -algebra and if the domain of jj. is extended to© by 

defining ^ (EUN) = p- (E) , the extended function is 

countably additive on^. The function p. with domain i^is 

the Lebesgue - Stieltjes measure determined by the function 

f and the integral i* j g where I = (a,b) is often 

written as X g (t) df(t). Also, since [ j (J) -vCfjJ) if 
a 

J is any interval in I, the integral Xg dl LL j can be 
b ■ I • / 

written as X g(t) dv^Ct). In the case where fCt) = t, 
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is written 


is Lebesgue measure and the integral X. 
b 

X g(t)dt. When the set E is regarded as a variable, Xg 
is called the indefinite integral of g with respect to p. 
It is of bounded variation and absolutely continuous 



with respect to 


Let f, , f e B¥( [.a,bj ) and lim fj^(t) = f(t) on a 

dense subset of [^ajbJ including the points a and b, and 

let lim = g a.e. with respect to LS-measure dh viiere 
oo ** 

h is a non- decreasing function such that 
Ia fkl h, lA fl <Ah 

on every subinterval of [[a,b3 (the symbol yA,f on the interval 
denotes f(p)-f(^)). Then, by Graves j^lLTh,27, 
Chap. XII 3 j ve have 

lim b ^ 

iZZ L s;(t}dfk(t) = ;g(t)af(t) ( 1 . 2 . 11 ) 

if the indefinite integrals I gj(t)dh be absolutely 
continuous with respect to LS-measure dh uniformly in 3, 
and bounded unifonnly. 

Let be a measure space and f a complex 

valued -integrable function and 

X(.E) = I f d|^ (E 6(S ) (1.2.12) 

Then, by Dunf ord-Schwartz ["Tj Cor. 6, p.lBOj , a function 
g on X to a Banach space B is >-integrable iff fg is 
jU. -integrable, and in this case we have 

r gdK = f fgdu. ( E 6 ^ ), 

E E ' 


(1.2. 13) 
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1,3 DISTRIHJTIDNS 

oo 

Let n be an open set of • By C (XL ) we denote 

the set of all complex functions € 0^(1^) which have 

partial derivatives of all orders < “> . A classical 

oo 

example of a function £ (R^) is 

Vz 

f ( ’ ) = 9xp^C||lf-ir^} for!||l=(|^!|i|'-) <1^ 

= 0 for|||>l (1.3.1) 

OO 

structurized by equations (l,2,8) , forms 
a linear manifold of (aI), A continuous linear 
functional defined on ( Jl ) is called a distribution 
on 1*1 . 

If p. is a complex Borel measure on XI , then 

oo 

FpC -i' ) (-^>) (1.3.2) 

defines a distribution onil , It follows from the paragraph 
containing equations (1.2.9) and (1.2.10) that the set 
of all complex regular Borel measures onil is, by p^r^Fjn, , 
in one - one correspondence with the set of all 
distributions onXl . 

The set of all distributions on XI is a linear 
space with addition and scalar, multiplication defined by 


(Ff-Fg) (op ) = F.(7)+F2( t ), 

^ ■ (1.3.3) 

(=(F) ( y ) - 

This space of distributions on XI , being the dual space 


of ( XI ) , will be denoted by {£!)' , 
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Let a complex function f defined a.e. on Xi 
be locally integrable on H with respect to the Lebesgne 
measure, in the sense that for any compact subset K of 
lX,J‘j^jf(^ )j d^ <oo. Then 


) = ; f (5)‘V^(| ) d| 

oo 


(1.3.4) 


defines a distribution on H . It is proved 

(see (]39, p.48 J ) that two distributions and F are 


— Cj 

equal as functionals (F|. ('H^ ) = F^. for every 

£ ( 12 ) ) iff f^. ) = fg (^5 a.e. Hence the set of 


all locally integrable functions onilis, by f in 

one-one correspondence with a subset of (XL )» in 
such a way that (f^ and ££ being considered equivalent 
iff f^(| ) = f^( 5 ) a.e.) 


F +F_ = F 

^2 


fl+f2^ =C 


(1.3.5) 


The derivative of a distribution F with 


respect to"^^ , denoted by Dj_ F or dF/d^^ , is defined by 


D^F( ) = -F O'f / d 1^) 


OO 


(-'fec^(Xi)) 

and is also a distribution on XL . A distribution is 
infinitely differentiable in the sense of above 
definition. 


(1.3. 6) 


Since a locally integrable function f on an 
open interval I of real line can be identified with the 
distribution F^ on I, DFf(H dFf/dt) will be denoted 
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by Df and called distributional derivative of f to 
distinguish from its ordinary derivative f’ (= df/dt). 

If f is absolutely continuous, then Df is the ordinary 
derivative f^ (vhich is defined a.e.), f* being considered 
equivalent to the distribution . If f is of bounded 
variation then Df is the LS-measure df , df being 
considered as equivalent to the distribution ^df . Thus, 
for the Heaviside function H(t) defined by 

HCt) = 1 or 0 according ast>0ort<0, 

we have 

m E DFjj = Fs = 5 

where 6 is the Dirac measure. In fact, we have, for 

CO 

any-^ S C (R), 
c 

oo 

DFg (y) ^ -Fg Ct') = -r HCt) y'(t)dt 

- oo 

oo oo 

= -/^^f^'Ct)dt = -[)f(t)] ^ -^(0). 



CHAPTER 2 


PONCTIONAL INTEGRO- DIFFERENTIAL 
EqOATIONS CONTAINING MEASURES 

2.1 INTRODUCTION 

The study of functional integro- differential 
equations containing measures is intiated in this chapter. 
The equation under consideration has first been converted 
into an equivalent integral equation (Theorem l). The 
existence theorems and other properties in the present 
and subsequent chapters will be treated through this 
integral equation. The principle of contraction mapping 
is used for the proof of Local Existence and Uniqueness 
theorem (Theorem 2). In Local Existence theorem (Theorem 3) 
a method of successive approximations is used. 

2.2 FfTNCTIONAL INTEGRO- DIFFERENTIAL 
EQUATIONS CONTAINING MEASURES 

Let S be a domain (an open connected set) 
in R^, The set of all functions in BY(I)j^ with values in 
S will be denoted by BV(I,S). Let =(,p and to be numbers 
such that 

- ^ < < < tQ < ^ <oo ( 2 . 2 . 1 ) 

In -vdiat follows, the interval [=C,tolwlll be 
understood to be (-oo,tgl in case =( = -oo . similarly 



CHAPTER 2 


FCJN.CTIONAL INTEGRO- DIFFERENTIAL 
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if p = oo the interval p} will mean [t^, oo ), 

p and q be two real functions defined on l^t^ , and 
satisfying 

< < P(t) < q(t) < t (2.2.2) 

for each t6 LtQ,p3 . We define the interval 

^t - [pCt), q(t)] (2.2.3) 

Given x€BV(L^,t3) where t e Ltojfj j we define 
the mapping on by 

Xt (s) = X (s) , s 6 It ; (2.2.4) 

i-e*5 is the restriction of the function x on 
the interval We further define 

Et=^ Ct,xt){ 3£BV(L«t,tJ ,S)|, 

[■*^o»P] (2.2.5) 

and 

— U 

( 2 . 2 . 6 ) 

Let the following be given s 

(i) a vector functional f defined on E with values in R^, 

(ii) a matrix functional G defined on E with values in 
the set 'ITt of aUn x m matrices, 

(iii) a vector function H defined on S with values in R®, 

(iv) a right continuous function ueBV( » 

(v) a right continuous function )\€B7( L'bo»P] )m- 
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We assume that for each given x6^C »S), 

^ ^ Pj H(x(t)) is measurable with respe|;t to the 
LS-measure ciA on the interval • Consider the 

integro-differential systan 

Dx = f(t,xt) + G(t, Xfc) Du + (f>.2.7) 

+ H (xCt+tQ-T )d A (T ), t>to 
^o 

vdiere the operations of differentiation ate t© be 
understood in the sense of distributional derivatives 
with respect to the real variable t. Since the 
distributional derivative of a function of bounded 
Variation can always be identified with a LS-measure, 
we shall call (2.2.,i7) ,a measure integro-differential 
equation. 

DEFINITION 1 j A function x==x(.*,tQ, (p ) is called a 
solution of (2.2,7) on an interval I, [*=(>t(^Cl 
C > with the initial function ^ 6 BVC^aCjto] ,S) , 

if 

(i) x£BV(I,S) 

(ii) x(t) =^(t) for t £ 

(iii) X is right continuous on 

(iv) the distributional derivative Dx of x on 
CtQjT) for any arbitrary T6in(to,p3 
satisfies (2,2.7) - 

Assume that for each given x 6 B V ( , 

^ ~ f(t,xt) is Lebesgue measurable , G(t,xt) and 
H(x(t)) are integrable with respect to the LS-measures 
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do- and 5 respectively, on the interval • 

Consider now the integral equation 


x(t) 


Cp(t) for t 6C<,to3 
^(to)'*'r^^f(s,Xs)ds+/!^^G(s,Xs}du(s) 

^^toi ^t H(x(s4-to-T))d^(^ )j 
^ for t>t^ 


( 2 . 2 . 8 ) 

ds 


DEFINITION 2 -i A function x is called a solution of (2,2,8) 
on an interval I, [^=(,t^‘]Cl icj^sCjP] if 
(i) X e B V (I, S) 

(ii) X satisfies (2,2.8) on I. 

We shall now show that the equations (2,2,7) 
and (2,2,8) are equivalent in the sense that a solution 
of (2,2,7) with initial function is a solution of 
(2.2.8) and conversely. In theproof the following lemma 
will be used. 

LEMMA : If g is a function integrable with respect 
to jAj and F is a distribution onil given by 

oo 

F (’f ) = ^ (^) * ( 2 . 2 , 9 ) 

then the product gF defined by 

OO 

(gF) -p gfdjtfi^SC^ (fl) (2.2.10) 

is also a distribution on Cl , 

oo 

PROOF V Since "4^ 6 (A) , it is bounded and measurable 

and g is given to be p -integrable . Therefore, by Ifonroe 
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hand side of (2,2.10) is meaningful, gF defined by (2,2. lO) 

CO 

is obviously a linear functional on C^iCl) , Furthermore, 
l(gF) (^)j < ;^ I g| li^NI j^l 

< W^W lgl<3l|*- 1 

Therefore, 

11 gF I = aip I 1 (gF) (-f )1 : Hf 1| < 1 ^ 

< IgUI)^ I <o° » 

since jiA - integrahility of g implies 1 |Ll | - integrability 

of Iglj by Dunford-Schwartz 7, Lemma 18 , p,ll3 3« Thus 

gF is bounded (and hence continuous) linear functional 
oo 

on (fl) , and is, therefore, a distribution onll. . 

Theorem 1 t 

X is a solution of (2,2.7) with initial 
function 6 B?( LK jtoJj S) if and only if it is a 
solution of (2.2.8). 

PROOF : Let x be a solution of (2.2,8) on an interval I • 

Then conditions (i) and (ii) of Definition 1 are 

satisfied. The right continuity of u implies that the 

Integral G(s,Xs)du(s) is also right continuous 
"^o 

function of t. The other two integrals in the second 

equation of (2.2.8) are absolutely continuous (and hence 

continuous) functions of t. Thus x is right continuous 

satisfying the condition (iii) of Definition 1. To show 

that the condition (iv) of Definition 1 is also satisfied, 
i 

let F be the distribution on (t^,!) to be identified 
with the ith component x:^ of x. Then 
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) = j’j(^Cjp^(tQ)+J^^f^Cs,Xs)ds+/^y5(s,Xs')du(s)j^ 

(2,2.11) 

oo 

for all'f'SCQ (J) ^ere J = (to»T)* The distributional 
derivative is 

DF^C'f) = 

= -rji^‘(to)+/t^f^(s,Xs)ds+/-t;^ (^ 2^ G/(s,Xs)du^(s) ) 
+ j-®^( 2“^^HJ%^■to-T»d^'* (^))| d3y(t)dt 

(2 .2. IS) 

where GjCtjx^) and (f ) are i,jth elements of 
G(tjx-t) ^ respectively, and u'^(t) and )C* (t) are 

Jth components of u(t) and)^(t) respectively. 

Integration by parts yields 

Y(i}di 

= -/“vl^Ct) |^f^(s,X|) 

4- m i ’ -j (2.2, l3) 

+ f^ 2 H.(x(t+tQ-.'t') )d K ('t)! dt, 

c J 3 

since-f (Iq) ="^(1) = 0. 

The function g(t) = (s,Xg)du^(s) is right 

continuous and is of bounded variation on the interval 
J=(to,T). We have 

^ s('^^ dS^(t) 

(to,T) 

-I ^g(t)d't(t) /g(t)d^f(t), 

(to,Tl -\T^ 
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But ]“ g(t) (t) = 0, sincevpis continuous ; and 
J g(t')dy(t) = g(T)N|>(T)-g(to)'Y(to) 

r -1 

-I '4^(t)dg(t) , by Munroe! 23 »Ex.n,p. IS^ 
ttejTJ 


=--Xl^(t)dg(t) , since 'f' (to )='^(T)=:0 
=-/ 1^(t)dg(t)-,r •'f(t)dg(t) 

=-r ^(t)dg(t)- H'(T) (g(T)-g(T-)) 
=-Xj ■Nf/(t)dg(t) , since '^CT)=0, 


Therefore, 

i‘^g(t)V(t)dt = - ; N^<t)dg(t) 

<j J 

That is 

c 

JLr * 

= - Xj'^(t)d-| ( s,Xg)du^(s)^ 

= - TjtCt) Gj'(s,Xs)dujCs) , by (1.2.13) 

Summation over j in the above equation yields 

= (?“ gJ (s,Xs) au^(s)) (8.2.14) 

O J-X J - 

From (2»2.l2), (2.2.,13) and (2.2.14), we obtain 
DF^(’t) = X i^(t) f^(t,xt) dt 

J • 

+Xjt (t)i^x|^[H(x(t+to-T))d).('t:i 3 *” dt 

+ X^Y(t) [_G(t,x^)du(t)3''' ■ (2.2.15) 


By the above Lemma,, the last continuous linear functional 
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are identified with fiCtjXt) and HCxCt+t^^- t ) ) dM'r)3^ 

respectively. Thus the distributional derivative DFC'y ) 
is identified with . • 

f(t,xt) + G(t,xt)Du+ /^^H(x(t+to- ^))dX ( 'T) 

Hence X is a solution of (2.S.7). 

Conversely, let x be a solution of (2.2.7) on the 
interval I with initial function 6WC ,S). Then 

for J = (to-.T), viiere T is an arbitrary point in 
in(tQ,p3 5 we have 

(t)dx^(t) = ^J^|^(t)f^(t,x^)d■': 

+ (t) £ G(t,xt)du(t)_]J^ (2.2,16) 

+ !lj_ H(x(t+to-^ )d x(3:)jydt 

oo 

for all*^£ C (J)* Integrating the left hand side of 

(2.2.16) by parts and using (2.2.13) and (2.2.14) we 
obtain 

/jy(t)(x^(t)-Cf‘(to)dt 

= Jjy(t)| r^^f^(s,Xg)ds^- G(s,Xs)du(s)] 

Therefore, 

^(t)=Cf'Cto) + fl f^(s,xs)ds-i-;^ |3G(s,Xs)da(s)l'' 

Oq O , -J 

+ ^to^^ (x(s+to-'T ))d^ (T)3‘'| ds (2.2.17) 

a.e. in J. But, since x^ is right continuous, x being 
solution of ( 2 , 2 . 7 ), and since the right hand side of 

(2.2.17) is a right continuous function of t, equality holds 

everywhere in J in (2,2.17). Hence x is a solution of (2.2,8) 
This completes the proof of Theorem 1. 
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2.3 EXISTENCE AND UNIQUENESS OF SOLUTIONS 

¥e first enimerate the hypotheses -v^ich will 
be used in this section (and also in Chapter 3 ). In these 
hypotheses T will be assumed to be fixed in (tojPJ . 

Ho J For each given x £ B 7 ([=(,T 3 ,S), f(t,xt) is 
Lebesgue measurable, G(t,xt) and H(x(t)) are 
integrable with respect to the LS-measures du. 
anddN , respectively, on the interval [to jTj • 

j f(t,x^) is locally. Lip sch it zian with respect 

to X for t £ L'^o’^^ ’ ^1 ^L'to>^3 

and every C;|_ <oo , there exists C2=C2(t 
such that I! X li C f. 11 v il ^ ^ 

imply 

lf(t,xt)-fCt,yt) } < C2 !1 x-y \\j^ 
for every t 6 L'^oj'^ll • 

Hg : lim x^^^Cs) = x*(s) for each s £ 1 =( >t1 

k-»- oo ^ » J 

implies 

lim fCtjxl^^) = f(t,x^), t £rt_,Tl 

Jj--*. OO ^ I- O _1 

Hg : There exists a real function r defined and 

integrable with respect to Lebesgue measure 
on [^to,T3 such that 

[fCt,xt)| < r(t) 

uniformly with respect to x £ B V CX.KjT[J ,S) . 

H4 : G(t,xt) is locally Lipschitzian with respect to 

X for t £ • 



lim (t) = x*(t) for each t € jTI 

and lim tjj. = t * imply 

k-* oo 

lim G(ti 5 ., 4 ^^> GCt^jxT:^ ), (+K€[-to,T0) 

k-+ oo "■ ^k ^ 

There exists a real function w defined and* 

integrable with respect to LS-measure dv^ on 

L^o’^J! that 

jG(t,xt) 1\< w(t) 

uniformly with respect to x 6 BY ( 
w in Hg is non-decreasing. 

H is locally Lipschitzian on S ; i.e. for each, 
<oo there exists C 2 = C 2 (c 3 ^)' such that 
■§}'^€S, 15i<C2_, |^|<C 3 _ imply 

|H(^ )-H(V] ) 1 < Cgil-V] 1. 

H is continuous on S. 

There exists a real function z, defined and 
integrable with respect to Lebesgue measure on 
[]tojT^ , such that 

I H Cx(t) ) j < z(t) • 

uniformly with respect to x £ BY (C=(jT3 ,S) . 
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Theorem 2 (Local Existence and Uniqueness) • 

Let the hypotheses H3, Hg, Hg and 

be satisfied. Then there exists a unique solution of 
(2.2.7) on an interval C“(>'^o'*' with a given 

intial function ^€BV( .[^Kj to]] ,s). 

PROOF : For each t 6 j shall denote by the 

set of all functions x with the properties 

(i) X e B F ( i;^,t3 

(ii) x(s) =^(s) for s £C‘<)tQ 3 
(iii) v(x, ilt^jt! ) < B where b>0 

Suppose that QtCm( ,S). This Is always possible 

if b is suitably chosen. 

Choose a, 0 < a < T-t^ , such that 

tp+a to+a 

[ r(s)ds + J w(s)dlr„(s) 

tp. t : ^ 

is *^3. 

+^()^ »&>)to+a^ ) z(s)ds < b. (2.3.1) 

^o 

t t 

Since I r(s)ds and f z(s)ds are continuous functions 
^o t t. 

of t and T w(s)dv•^(s) is right continuous function of t, 
to 

it is possible to choose such an a. 


Now consider 4. which forms a complete metric 
space. Let A be the mapping defined on Qt^+a 

<f(t) for t e t=C»tol . 

(Ax)(t) =^^(^^)+;t f(s,Xg)ds + ;^^G(s,Xs)du(s) 

+;^o{ ^to d^(T)^ ds 

for t c (tQjtQ'^'a^ (2.3.2) 
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Since each of the integrals on the right of (2.3,2) is a 
function in t vAiich is of bounded variation on [to,to+a] , 
it follows that Ax € BV( Il=(}to+aJ )n* Furthermore, 

t 

v(Ax, [tojto+a]] ) < v(r f(s,Xg)ds, l^tojtQ+a]] ) 

to 

+ v(J^^G(s,Xs)du(s), Lto,to+aJ) 
t t 

+ v(r i f H(x(s+tQ- r ))d^ ( ^ ds, 

tQ i to 

Cto,to+a3 ) 

to+a to+a 

<r j f ( SjXg) j ds+ f {G(s,Xg) |dv•^(s) 

to to 

+ 1^1 H(x(s+to-T))d MT)|ds 

to ° 

(2.3.3) 


But 

f J H(x(s+to- i:))dX(^)lds 

to to 

< r lH(x(s+to- 'T)) i dv. ( t:)^ ds 

to ^ t^ ^ •’ 

< r° J r z (s+to- 't')dv^ ('^)^ ds, by H^q 

to ^ to ^ 


to+a to+a 

= / AT z(s+to- 't')dsv dvx ( T) , 
t t t: i 

° by Fubini* s theorem 


=T 

t 


t-+a 2t^+a- 
°JT 

o ^ to 


z(s)ds^ dVv 


(dr) 


to+a to+a V 

< T A T z(s)ds< dv;. (T ) 
to tto i 

to+a 

( ^ » L tojto+aJ ) T z(s)ds 

to 


V 


(2.3.4) 



40 


From (2.3.3), (2.3.4), H3 and Hg, we obtain 

v(Ax, Xtojto+a^ ) 

to+a to+a 

^ J r(s)ds + r ¥(s)dvu(s) 

to to 

to+a 

+v(^ , dtojto+a^ ) -T. z(s)ds 

"^o 

< b, by (2.3.1) (2.3.5) 

Thus A maps Qt^+a into itself. We shall show that A 
is a contraction. 

We have 


II A^-Ay I 5^<,to+aj 

“ II ttji- II L'tojto+a] 

II f^i:o(®.='s)-°c®.ys)] 11 Do, to+a] 

t s 

+ 11/i ; QH(x(s+to“T'))-H(y(s+to-T ))! dX(T)^ ds 11 

1 to I 


1 0“^ Q. 

< r |f(s 5Xg)-f(s,ys)lds 

to 

+J'° lG(s,Xs)-G(s,ys) 1 dv-u(s) 

% 


to+a 


+; 

to 


s 


o 


lH(x(s<-to- T))-H(y(s+to- T ) ) I dv^(T) j ds 

(2.3.6) 


We have, for every x 6 Qt+a’ 

II ll[=(,to+a]= ll‘fllQ<,t^+''<’'> L*o>Va] ) 

i i:K,to]a-b = =1. say- 
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Also, 

lxCt)l < 11 X 11 

Therefore, by H 3 ^,H 4 and Hg , there exist constants 
^2 "= C 2 (c 2 .)jC 3 = csCc^), 04 = 04 ( 03 ^) such that 
lf(s,xs)-f(s,ys)l < cgii x-yjli^ 

< C 2 II x-yll|^=(^s] 

lG(s,Xs)-G(s,ys)l < C 3 II x-yll 

< “ail *-yllB,s3 

lH(x(s+to- t) - H(yCs<-to- t: )) I 

< C4 1 x( s+ 1^- ) -y( s+to- ) 1 

< C4II x-yllg^s^ 

From (2.3.6), ( 2 . 3 . 7 ) ,’ (2 . 3 . 8 ) and (2.3.9), we 
obtain 

to"^a to^a . . 

< f C2II x-yl r<,sf^ ^ C3II x-yll 

to to 

+ J‘^°*^C4i f II x-yil ^ j 

to ^ io 

<^aC2 + 0 3v(u^ &o»‘^o'*’^] ^ ^ 

+aC 4 v(A, L^os^o+al^ll x-yt! ^:(,to+a3 (2.3.10) 
Dae to right continuity of u and hence of v-u, *a‘ can 
be chosen such that 

aC 2 + C 3 'v(u, ^tojtQ+a^) 

+ aC 4 v( A , [to,to+a3)< 1 (2.3, ll) 

and then A, by (2.3.10), is a contraction. Hence by 
the principle of contraction mapping there is a unique 
fixed point. This completes the proof. 


(2.3.7) 


(2.3.8) 


(2.3.9) 



The next theorem shows that the Lipschltz conditions 
are not necessary for the existence of solutions of (,9.2,7). 


Theorem 3 (Local Existence) 1 

Let the hypotheses Hq, Hg, H 3 ) H 5 , Hy, H 9 and 
H;j _0 he satisfied. Then there exists a solution of (2.2.7) 
on an interval [^Kjto+a^j a> 0 , with a given initial function 
Cp€BV( L=(,to3 , 8 ). 

PROOF i Define as in the proof of Theorem 2 and 


choose a >0 so as to satisfy ( 2 . 3 . 1 ). 


Now define 


(t) 


j <f (t) for t e 
( ^(to) for t e (tojto+a] 


(2.3,12) 


and 


(t) 


^(t) for t 6 [f( jt^+a A 1 

CfCto) > 

to 

t (k) 

+ f G(s-aA, X ^ 

to+aA s-aA 

t-aA s /, N .0 

ho t to ■ 

. for t e (t^+aAj ho+al : 


k = 1 , 2 ,.... 

ii. 

For any k>2 the first expression in ( 2 . 3 . 13 ) defines j': 

(k) r- . 

X on [_=C,to+aA] and then the second expression of 

(2.3.13) defines x^^^ on (to+aA, to+ 2 aAIj * 

assume that x^^^ is defined on r=( ,to+laAD for l<5<lc. Then 

(]j.) 

the second expression of (2,3.13) defines x 


on 
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(k) 

(tQ+jaA:,t^+(3+l)a/k3 . x is thus defined on []=(,to+a3. Now, 
v(x^^\ [t^jt^^+a] ) 

= v(x^^\ [[t^^+aA, to+al ) 

to+(k-l)aA cu-s 
<L lf(s,x7)|ds 


^to 
to+a 

+ S 

to+aA 


(k) 


lG(s-aA,x^_^^Uv„(s) 




to 

tQ+(k-l)aA to+a 

< / r(s)ds + / w(s-aA)dv..(s) 

t , - /, U. 

o 


to+(k-l)aA s 


to+a A 


+ / z(s+tQ-T)dVj^ ( 'f ) ^ ds 

'^o ® 

tcf+a to+a 

< r r(s)ds+X w(s)dv^i(s) 

to to 

1 0 + a s 

+ r^^ it (T")! ds 

since w(s-^aA) <1f(s), by Hy, and r(s), wCs) and 


(2,3.14) 


z(s+tQ-T)dv^ (T ) are all positive functions of s. 


But 

to+a s 

{ A^tc^( ds 

< , £to)tQ+a3 ) r zCs)ds , (2.3.15) 

to 

as in (2.3.4) 


By (2.3.14), (2.3.15) and (2.3.1), we obtain 

/ Ir 3 

v(x , £to,to+^l ^ 


(2.3.16) 
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Thus, 


€ Qt^4a » k = 1, 2, ..... (2.3.17) 

and hence are of uniformly bounded variation and 

and also are uniformly bounded. By Helly*s selection 

principle (see (l. 1.3))» there exists a subsequence 
(k*) 

X and a function x* of bounded variation such that 


lim 


X (t) = X (t) 


(2.3.13) 


for each t € L=^>tQ+a^ , and 

v(x*, C.=(jto+a3 ) < 1dm v(x^^^\ [=tjto'*‘al ) 


< b, by (2.3.16) 


Obviously, x*(t) -‘^(t) for t 

X* e 'Qt^+a c: m ( [=(,to+al , S ). 

For t 6 CtQ,p3 j x-t is defined by (2,2,4). For 
t € denote the restriction of the function 

X on . Also, let 

(2.3.19) 

(2.3.20) 


So ^ 


^(t,xt) i t e Bjt^), X e B7 

Define "G on EUEq by 

J G(tQ,xtQ) for t 6 [=t,toj 
|G(t, x-fe) for t 6 (to,pj 


G (tjx^) = 4 


Then, we have, by (2.3.13), 
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(ki) (<f(t) for t 6 =(,to+a/l 5 ;j 

c J (t) =■<. -I- 


^ J 


) du(s) 


'OCs-aA-jjX . 

■fco s-a/kj 

to+aA-j^ (k-j) 

X '0 (s-aAj, 
t s (k.) 

+r ^/H(x^ (s+t^-r ) )d> (T )| ds 


( 2 . 3 . 21 ) 


(kj) 


is s 

-! if H(x^^\s+to-'r ))d> ('T)| ds 


for t e (t^+aA^, 


Now, 


t (k^ ) 

lim I f(s,x ) ds 
3 ^oo to s 


= I f(s,x^)ds 


( 2 , 3 , 22 ). 


by ( 2 , 3 . 18 ),H 2 and Hg, using Lebesgue’s dominated 
convergence theorem. 

^ - 

Let du and du be positive and negative variations of 
LS-measure du. Then we have, by ( 1 . 2 . 5 ), 

i 0 (s-aAj, = ’ 

o 

-r GCs-aA^,x 3 )au+(s) 

-r G^s-aAjjX^^^^ Jdu"(s) ( 2 . 3 . 23 )- 

Now tAe limits as bo ( 2 * 3 . 18 ), Hg, Hg 

and ( 2 . 3 . 20 ), Lebesgue’s dominated convergence theorem 
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(2,3,23) to obtain 

lim / G(s-a/k4,x^^^^>, }<3u(s) 

3-^00 to ^ s-a/kj 

t^ , sje 4.' t^ ♦ _ 

= r G(s,Xo) du (s)- / G(s,x_ )du (s) 

^o 

ti ij 

= / GCs,Xcj)du(s) = / G(s,3S)du(s) 


(2.3.24) 


Similarly. 


iiVto H<x^^j^s+v-T))dX(n-) 

tl 


= I H (x*(s+to“T')) d>v(^). 


(2.3.25) 


Also, 


1 r HCx^^^\s+tQ- Tr))d> (T )1 

^o 


<r z(s+to-'T)) dv^(Gr). 
to 


(2.3.26) 


From ( 2 . 3 . 25 ) and (2.3,26) we obtain, by using 
Lebesgue^s dominated convergence theorem, 

jilo \ a- ) ) d A ( 'T ) I as 


^ ^ ! H(x*(s+VT:)) d>( i-)! ds 


to^ t 


o 


<2.3.27) 


AlSo, 


to+aA'3 \ 

G (s-a/tj, )du(s) 


= 0. 


(2.3.28) 
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s inc e 

(kO 

I I G (s-aA^» X ^ ) du(s) I 

to ^ 

■i i I v(ii, [t^jto+aAj;] ) 

“*■ 0 as J "*■ oo ,. 


Further, 

t (ki) t 

} f f(s»x ) ds t < / r(s)ds 
t-aAj t-aAj 

-+ 0 as oo (3 «.3»29) 

and 

I r 4 r Cs+to-T)) d>(n:)<^ds I 

t-aAj^ tQ "" 

^ s , 

^ -T -4/ zCs+to- ■'T')dVv( nr) ids 
t-aAj 1 to . ° ^ > 

■+ 0 as 5 "*■ CO (2,3»30) 


Taking limits in (2.3,2i) as j"* and making use of 
(2.3.18), (2.3.22), (2.3.24), (2.3.27), (2.3.28), 
(2.3.29) and (2.3.30), we obtain 


x*(t) = 


for t e L=(,to] 

is 5|c ^ ajc ' 

(f(to) + r f (s,x )ds+X G(s,Xg)du(s) 



'O 


fix H(x'^( s+tQ- 0r))d)v.(T')i ds 
to t t^ 

for t 6 (to,to+a'^ 


^ 'is thus the solution of (2,2.7) on the interval 
£={,to+a] with, initial function (p. This completes the 


proof. 
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To show that the conditions of Theorem 3 can be 
satisfied without satisfying the conditions of Theorem 2 , 
we give the following example. 


EXAMPLE s 

Let n = m = 1 ; S = (-1,1) ; 5 = - 1 , 

p(t) = t- 1 , q(t) = t. Consider the scalar equation 

1 

Dx = f(x^) + G(xt)Dii H (x(s-'T)) dT 

t ' n1/2 

where f(x^) = G(x^) = lx(s)i ds y 

and H ( = i ? 1 


Then since S is bounded, f and G are bounded on any finite 
interval Co,T 3 and therefore H3, Hg, Hr^ and H^q are 
satisfied. Hg is obviously true. Applying Lebesgue's 
dominated convergence theorem, H2 and H5 can easily be 
seen to be satisfied. But H4 and Hg do not hold. 
Consider, for example, the functions 

/iif-I<t<0 
/ 2n - - 


(n) ] 

X (t) - < (l-t) if 0 < t < 1 n=l, 2 , 


if t > 1 


We have, for all values of t, 

II 

^ II ^-1 ,tj— i/n ^1 , n=l,2, 

Then if Hg holds, there must exist a constant L such that 
I f (xt- ) - f( 0 ) 1 < L II x -0 jii 


for all n 
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and so, 

If < L II 

i.e., 1/2 ^/h < L . i/n 

i.e., ■/n < 2 L for all values of n, \diich is not true. 

Hence does not hold. 

Similarly it can be shown that Hg is not satisfied. 

Theorem 4 (Extended Existence) : 

Let the hypotheses Hq, Hgj Hgj Hg, Hg, H^, Hg and 
H^q be satisfied with T = p . If there exists a solution 
x(.jtQ,(p) of (2,2,7) on C'^j'^') where s' is a point of 
continuity of u and if <?< p and s' cannot be increased, then 
for any compact set FcS there exists a sequence of numbers 
to < ..... <tjj. < ..... -+ s' such that 

x(ti 5 ;) 6 S-P for k = 1,2, 

PROOF: Let x - x ( . tosf^) t)e a solution of (2.2.7) 
on l=i\ € ) v*ere Cto,p) is a point of continuity of u 
and (p€ M ( [[=(,to3 » Suppose that there exists a 

compact set F Cl ^ such that x(t) £ F for t € [^=(} )• 

We have, 

(^■(t) for t e L^jiol 

< t 

x(t) Cjp(t-o) f(s,Xg)ds+f G(s,Xg) du (s) 

o to 

+ / -4 / H(x(s+to“ "T) ) d)s(2r)i ds for t£(to» tf ) 
V to I to J 
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If < ti < t2 < S' , then 

Ix(ti).x(t2)| f(s,x3)las.r%(s,^3)|av„(3) 

tg s 

+r < j* jHCxC s+to-n" ) ) 1 dv^ ( T ) I ds 

ti ^ to 


f2 to to s . 

< I r(s)ds + f w(s)dVu(s) +/ 4 X z( s+t^^- T)dv^(nr) ^ ds 
■^1 

tg t2 

= ! -f (s)ds + r w(s)dVu(s) ( 2 . 3 . 31 ) 

ti ti 

where 

\ s 

j is) - r(s) + r zCs+t^- T )dv^ (T ) 

■^o 

Since u is continuous at the point ts' ? the function 
t 

^ w(s)dvu(s) is also continuous at 6" . So if > 0, 
to 

we can choose t]_ so close to 6" (but t]_ < 6' ) that 
6' 

X w(s) dVri(s) < ^ /2 

and then choose tg so close to t^ that 
t2 

X (s) ds < 1/2 

■^1 

Thus, We obtain , from ( 2 . 3 , 31 ), 

I X (t^^) - x(t2) 1 < 1 

for all t^ < t^ < tg < ^ such that t^ is sufficiently clos© 

^ to <5' . Therefore, by Cauchy's criterion, 

x( = lh 5 x(t) 

t-»- ' ^ — 

exists. Define 

X ( iS" ) = X ( (T - ) . 
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Let 

Cp* (t) = xCt) for t e ]2=C5 6]* 

Obviously, CpCt) 6 FC B. Replacing to by ^ Ly<f , 

we can prove, as in Theorem 3, that there exists a 
solution X* = X (.;to,^p^) of (2.3.7) on ^ +6j 

where 6 > 0 , which is represented by 
( ^^(t) for t 6 ^ ^ 

x*(t) +j^ f(s,Xs)ds+rG(s,Xs)du (s) 

\ t s , , 

\ H(x (s+to- ^ ))d>C^)ds 

V ^ for t e ( (S' j <5" +53 

It is clear that x* is also a solution of (2.2.7) with 
the initial condition x*(t) = ^(t) for t £ » 

i.e, X* is extension of x over the interval ®3 • 

Thus, the value of ^ can be increased. This proves the 
theorem. 

remark s The set of hypotheses Hq, H 2 » H 3 , Hg,Hg, Hr,, Hg, 
H^o same as the one in Theorem 3. It is obvious that 
the conclusion of Theorem 4 also holds if these hypotheses 
are replaced by the hypotheses in Theorem 2 vis. H^^, H^- 
H 3 , , Hg, Hg and H^q , 
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CHAPTER 3 


EONCTIONAL Il-ITBGRO ~ DIFFERENTIAL 
EQUATIONS CONTAINING MEASURES 

(special case) 


3.1 INTRO DQCT ION 

This chapter is devoted to the study of 
equation (2.2.7) in the special case -viien the functional G 
is independent of x. In this case it has been possible to 
give constructive proof of solution by using Picard’s 
approximation. In addition to this existence theorar, 
dependence of the solutions on the initial function and on 
the right hand side of the equation is also considered. The 
failure to extend these results for the general case vtoen G 
depends on both t. and x, is due to inavailability of integral 
inequalities (of the type of Gronwall* s lonma) for Stieltjes 
integrals. 

3.2 EXISTENCE AND UIlQTJMESS OP SOLUTION 

Consider the measure integro - differential 

t 

Dx = fCt,x^) + G(t)Du + ! H(x(t+to-T ))dA^), 

° t>t^ (3.2.1) 


equation 
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which is a special case of (2,2,7) with — ■ G{t) 

depending only on t. By i'-.eor^ 1, a fanction x is a 
solution of (3.2.1) with initial function (pe mi [5,tol,S) 
iff it is a solution of the integral equation 


(i)(t) for t e 

x(t) f(s,X3)ds+r^ GCs)du(s) (3.2.2) 

+r i r H(x(s+to-T ))d ds,t>to 

\ t _ 


We shall now give a constructive proof of ':he 
following existence theoreni using ?xcard‘s successive 
approximation procedure. 

Theorem 5 (Local Existence and Uniqueness) t 

Let the hypotheses Hq, H 3, H3 and 
(of section 2,3) be satisfied, and let <fQ Hr( 

Then there exists a unique solution x of (3.2.1) on an 
interval L^,to+a] , a>0, with initial function . 

p E 0 0 F J Define Q-^; as in the proof of Theorem 2, and 
choose a , 0< a < l-tQ, such that 

to'^a to'^a . , - . 

to ■to (3*2.3) 

to+a 

+v (X» [^tojto+a'J ) i* z(s)ds < b 
Let A be the transformation defined by 

j'(p(t) for t e \ 5 >^o 3 ^ (3*2,4) 

(Ax)(t) =icp(to)+r^ f(s,Xs)ds+r G(s)du(s) 

to to 

+ ; E(x(s+to-'T))dX(T)| ds 

° ’’"o foj. t e (tQ,to+a'3 
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Then as in Theorem 2, A maps Qt +0 into itself. 

O' ^ 

Now define 

. (0) forte i:<,to3 (3.2.S) 

^ Ct) - ^ + ft 5(s)a^(s) foj. te(to,to+a3 


and 


(k) 

(t) 


|f(t) for t e 

i^(to) + X f(s,x^^ ^^)ds+/ G(s)du(s) 


i s (k- 1) 

^ f H(x ( a»-tQ~ 'r))d > ( ‘T )| ds 






for t e (t^jt^+a^ "(3.2.6) 


k = 1 , 2, 


.(o) 


Clearly x^^^ 6 , and since 


and A maps into itself, we obtain 


.Ck) 


' e Qt ^ 2 , 


(3.2.7) 


(3,2.8) 


and so 


v(x^^\ j^to, to+a J ) < b, k=0,l,2, 


(3,2,9) 


Therefore, 


" P,Va]- 

= C]_, say 


(3.2.10) 


Also. 


I (k) - .4 I, (k) 

lx <s>l < II X 




( 3 . 2 . 11 ) 
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for each s 6 [=(jto+aJ . Therefore, by and Hg, 
there exist constants Cg =* cgCci) and eg =: CgCc^) 


such that 


. Ck) (k-1)., 

s , X^ ) “ f ( s , Xg ) I 

(k) (k- 1) ,, . 


< Cgll X - X (j 

(k) (k-l) 

< -2it X - ’c }| 


Is 




CS.2.12) 


and 

lH(x^^^(s'^to-T ))-H(x^^"^^(s4-to- t))! 

< Cg I x^^^(s+to-T ) ^''(s+to-T ) 1 

for all s € QtQjtQ+a^ and k = l, 2, 

Now, for each t £ J » have 

^(k) 1_ 

<r if(s,x'’'b - f(s,xs'''^S|ds 

“to 

+ J J / IhCx (s+to-<r)) 

^o ^ ^o 


< eg/ II 


-HCx^^“^\s+tQ- )ldv^(T ) ds 


■'o 


C=(,S] 


ds 




L<,sJ 


(>t)| ds, 


t 

J* 

■to 


by (3,2.32) and (3,2,13) 


< u II .<‘>-.<‘-»ii 


(3.2.13) 


(3,2.14: 



•((^ere 


L = Cg 4- Cg V (A , -to+a] )• 

Furthermore, we have for each t € D'o»'^o‘*‘al j 


(3.2.15) 


II 


Cl) (0) 




(0) 


< 2 C-, by VSo2*lO) 

- c, say. 


(3.2.16) 


Also, by (3.2 . k) and (3, 2. 16). 




tj 


_< 1 r c ds = c L(t-to) 


(3.2.17) 


'O 


By (3,2.14) and (3.2.17), we obtain 

,, (k),, . ^ic/^ . xk^ 

11 X - X li c L'^(t-tc): A! 


(3.2.13) 


for all t 6 [.to? • Hsace is a Cauchy 

sequence in Qt^^+a 'which is a complete metric space. 
Thus x^^^ converges pointwise to a limit function x in 
*^tQ+a * Moreover, due to (3.2.7), we have 

ll^^-='IIC^,to.a];S 1 Ax-Ax^>'h| 

4- IxClc+D-xii-c^^to^a] 

and we obtain, as in (3,2.14), 

llAx-Ax^^hp.to+a] ^ 

<aI,llx2x<>=>llp^t^+3-, 

Thus ^ 

II ^-^llp.to+a] ^^1-1 

whi«h converges to zero as k-»-oo. 
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Therefore 

Ax - X 

i.e.j ‘ 

xCt) = 


[ tp (t) for t € ^ 

^(to) + X f(s,Xg)ds +r G(s)du(s) 
"tn ^ n 


+ j‘ J X H(x(s+to-T)) ds 

for t e (tQjtQ+a3 
Thus, X is a solution of (3.2.1) on p^,to+aJ with initial 
function Cp . 

To prove uniqueness, let y be any solution of 

(3.2.1) on p=(jto+a^ with initial function <p . Then 

/ 't (t) for t e L<»^ol 
t t- 

yCt) = ^ f(s,yg)ds+r G(s)du(s) 


® 3 

X i f H(y(s+tQ- T ))d^( T:)jds 

tn ' "*^0 . _ 


for te(to,tQ+aJ 
Using (3,2.6), it can be shown (Cf.(3,2,l8)) that 


1 1 ^ k+ 1) , I 

11 ^ - y 


< =0 k=l, 2 ,.. ( 3 . 2 . 39 ) 


where 


k ! 


i H 

"yll [}(,t'] ^ Co « 


If k -»■ oo in (3.2,19), it follows that 


H X - y 11 = 0 

for every t 6 C^o’^o'*'®-! > h. y» This completes 

the proof. 
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RSSiARK I It can be shovoa that in Theorem 3 the hypotheses 
Hg, H 0 J concerning G can be dropped in case G depends 

only on t. In this case one can choose *a' so as to 
satisfy (3.2.3) and then define the iterants by 




(t) 


<f (t) for t 6 [[=c,to+aAl 
t-aA ^ t 

Cf(to)+r '^)as+; g(s)ciuCs) 

t-aA s V 

+ / \! H(x^^Hs+to- T))d>(T)vds 

\ to to > 

for t€ (to+aA,to+aJ 


k = 1 , 2 , 


• « * • 


The rest of the proof is same as that of Theorem 3, 


3.3 DEPBKDENCE OF SOLOTIONS ON THE INITIAL FUNCTION 
AND THE RIGHT - HAND SIDE OF THE EQUATION 


Consider the two measure integro- differential equations 

t 

Dr= fiCtjX^) + G 3 ^(t)m+; H,Cx(t+to-T ))d^ (T) (3.3,1) 

to . 

t 

Dy = f 2 (t,y^)+G 2 (t)Du+; H 2 (y(t+to- ^ ) )d ^ ( T") (3.3.2) 

to 

Assume that f^, fg? Hg are locally Lipschitzian 
in Xj and that 


|f; 3 ^(t,xt)-f 2 (t,xt)l <t, , (t,xt) e E 


(3.3.3) 


lG 3 ^(t)-G 2 (t)| < ^ 2 , , t e [^to5p] (3.3.4) 

I (| ) - Hg( J )1 < , je s. (3.3.S) 
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Assume Itirther that and G2 are measurable with 
respect to LS-measure du, and that for each x£By( [[t^jP"] ), 
f^(t,xt)j f2(tjx^) are Lebesgue measurable and H2^Cx(t)), 
H2(x(t)) are measurable with respect to LS-measure d\ . 

Let X -x(.;tQ,^) and y = yC.^toj'^) be solutions of 
(3.3.1) and (3.3.2) respectively on Q^jt^+aJ where ^ 
e B?( [kjt^] , S). Then 


'Cf(t)-r(t) for t e C=(Ttol 

x(t)-y(t) ^(to) --|.(to)+J‘ C fl(s,xs)-f 2 (s,ys)]ds 

to 
t 

+ / rG3_(s)-G2(s)J du(s) 

“*"0 

t s 

+ / J L H^(x(s+to- T-)) 




-H2(y(s+to- t))J dX(T)^ds . 
for t£(to}to+a 3 


from which we obtain 


' llf-'f il te G<.tol 

II x-yll _ <J lltp. -Xt II 

L=<’t] 1 ^"C=(,toi 

t 

i f S}Xs)-f2( Sjys) j ds 


(3.3.6) 


+ r !G^(s)-G2(s)ldv^(s) 
i s 

r iH^^CxCs+t^-T)) 

■^o to 


-H2(y( s+to- T ) ) 1 dv^ ( ^ ) I ds 
for t 6 (to»to+a 3 
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Sit 

t 

I i^‘i^s,Xs)-f 2 Cs,ys)lds 
t 

<1 lf 3 ^(s,Xs)-f^(s,ys)|ds 
° t 

+ ]■ lfi(s,yg)-f 2 (s,yg)lds 

~ II x-yjjj ds ^ 

t ' 

< a Ilp,s 2 ds , 

where is Lipschitz constant for 
Also, 


(3.3.7) 


on [tojto+a" 


r |H^Cx(s+to-T))-H 2 (y(s+to-T))idVx ('T') 

■to ■ ^ 

s 

^ J |H^(x(s+t(5“nr))-H^(y(s+to-ir )) I dv. ('T^) 

"^o 

s 

+ r H^(.y(s+to> T))-H2(y(s+to- 'C-))ldv^ (T) 

■^o 

s 

< Cgj* ix(s+t^^- T )-y(s+tcj- r) jdvj^ (T ) 

■to 

( A > C^o»s 1 ), 

C2 being the Lipschitz constant for 
on CtQjto+aJ 

i A j L'to>'to'‘'al! ^■•'^2 r II x-yil [;c(js]^'^A 

< £3v( A , C-fco’VaD ) (3.3.8) 

+C2v( A , Lto,to+al )|| x-y{| 
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From {3.3«6^, (3.3.7), (3.3.8) and (3.3.4) we obtain for 
t € » 

II x-y 11'^- tl D<.to2+ 

t 

+ cir |lx-y|lj-^_^jds 

» L'^o » Va 1 )+ %av( ^ , (to , to+a 3 ) 

t 

+ C 2 v(>, [to,to+a3) X llx-yjlg^gj ds 
- Cq+cX j}x-y{i ds ° (3.3.9) 


vriiere 

c'o = 11 ^-'1^11 |j{,to3'^^'^ +^iV(ia^ tto,to+al) 

+ ^^av(A, Utojto+a^ ) (3,3.10) 

and 

c = Ci+ Cg v( X , C'to>'*^o+aJ ). (3.3.11) 


Applying Gronwall^s me quality to (3.3.9), we obtain 


11 x-y 11 ® 


c(t-to) 


> ^ ^ C'^o»V^33 

° ° (3.3.32) 


If we take f ^ = f 2 = f, = G 2 = G, H2=H2=4i, 
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then we have the following ? 


Theorem 6 (Continuous Itependence on Initial Function)* 

Let the hypotheses H3, Hg and 

be satisfied.Consider the solutions x - x(.itQ,Cp3 
and y = y (.Jtj^,^) of (3.2, l) on the interval |l=C,to+a] 
(their existence and uniqueness- are known by Theorem 5) 
satisfying the initial conditions x(t) =*^(t), y(t) ="f(t) 
for t £ jt^l . Let > 0 be given. Olien there exists 
a 6 > 0 such that 


11 x-y 11 3 ^ 

whenever 

i.e. the solution x = x(,jtQ,C^ ) of (3.2, l) depends 
continuously upon the initial function . 


For, = £-1 - €3= O^ahd from (3.3, lO) and 
(3.3,12) we have 


ca 

II ’'-y II "‘F • -til 


and then we can take 


= *£ / e 


ca 




6 
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N«xt, if we take <p then we obtain from 
(3.3.10) and (3.3.12) : 

li 2:-y } 

+ £3 av( >. , [ to ,to+a 3 ) 3 

(3.3.13) 

Clearly the right-hand side of (3.3.13) can be made 
arbitrarily small by choosing , 'ci.and I,, snf f ic iently 
small. We have thus the following j 

Theorem 7 (Continuous Dependence on r.h.s.) : 

Let Hq, H 3 , Hg and satisfied. Then 

the solution x = x (.; to,C|?) of (3.2, 1 ) on the interval 
[ 2 =(»to+a^ and satisfying the initial condition x(t)=^p(t) 
for t £ C'^»‘to 3 depends continuously on the right-hand 

side of (3.2,1). 



CHAPTER 4 


ORDINARY DIFFERENTIAL EQUATIONS CONTAINING MEASURES 

4.1 INTRODUCTION 

In this chapter we shall consider the 
following measure differential equation 

Dx = f(t,x) + GCtjx) Da (4.1.1) 

where f and G are defined on R^ x R^ (R is 
positive real line) with values in and the set Yff 
of all n X m matrices respectively, and u is a right 
continuous function £ EYCR^jR^^), Equation (4,1. l) is 
a special case of (2,2.7) -tdien p(t) = q(t) = t and 
HHO, Following Definition 1 in Chapter 2, we shall 
call function x x(.itQ,XQ) a solution of (4.1.1) on 
the Interval I through (t^jx^) if x is right continuous 
function 6 BV(I,S) (S is a dcmain in R^), x(to)= Xq 
and the distributional derivative of x on (t^,!) for any 
arbitrary T € I satisfies (4.1, l). According to 
Theorem 1 , x(.) is a solution of (4.1,1) on I through 
(t^jXb) if and only if it satisfies the integral 
equation 

x(t) = Xq '*' X f(s,x(s))ds+r G(s,x(s))du(s) 
fo io 


(4.1.2) 
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for t € I, It will be shown in section 4,2 that in the 
local existence theorem for (4,l.l), corresponding to 
Theorem 3, the hypothesis Hg can be replaced by the 
continuity of G in t. 


The primary aim of considering (4.1,1) is 
the following. The equation (4.1.1) may be regarded as 
perturbed system of the ordinary differential equation 


— = f(t,x) (4.1.3) 

dt 


where the perturbation Du is impulsive and has the 
effect of suddenly changing the state of the system, 

A natural question arises under what conditions the 
stability properties of (4.1.3) are shared by the 
solutions of ( 4 . 1 . 1 ). It seems very difficult to get 
a satisfactory answer to this question. It may be so 
because differential and integral inequalities play a 
very important role in the stability theory ; but when we 
consider the stability of solutions of (4.1, l), the 
fact that its solutions are discontinuous renders 
many of differential inequalities unapplicable idiile 
the integral inequalities are not available for the 
Stielt^es integrals. However, section 4.3 of the present 
chapter deals with a stability theorem under conditions 
^ich may be regarded to be restrictive. Such conditions 
are natural to be expected, since otherwise the 
discontinuities of u(t) may give considerable impulsive 
changes in the state variables to make the system 
unstable. 
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4.2 EXISTENCE OF SOIUTION 
Define 


SjjCxq) =-^x6*R^ : (x-XqI <b ^ 

E =^(t,x) i t £ xSSjjCxo)} 


Theorein 8 : 

Suppose that f and G are defined on E and that 
the following conditions are satisfied : 

(i) f(t,x) is measurable in t for each x ; 

(ii) f(t,x) is continuous in x for each tSjtQjtj.^? 

(iii) there exists a Lebesgue integrable function 
r such that 

jf(t,x)| < r(t) ,(t,x) 6 E 

(iv) G(t,x(t)) is du - integrable for each 

X e B7( ,Sb (x„)) i 

(v) G(t,x) is continuous in x for each t 5 

(vi) there exists a dv^;}^- integrable function w 
such that 

lGCt,x)( < w(t), Ct,x) £ E. 

Then there exists a solution x(.) of (4.1.1) on some 
interval £tQ,tQ+a 3 satisfying the initial condition 

x(tQ) = Xq . 


il 
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PROOF i Choose a ( 0 < 2a < such that 

to+2a tQ+2a 

J r(s)ds + T w(s)dVTi(s) < c (4.2, l) 
to to 

t 

■where 0 < c < b. Since / r(s)ds is continuous function 
t to 

of t and r w(s)dvu(s) is right continuous function of t,it 
to 

is possible to choose such an a. 


Now consider the following integral equation 




Xq for t e j_to-2aA,toJ 

Xq + J* f(s,x^ '^(s-2a/k))ds 
to 

+/ G(s,x^^^(s-2a/k) )du(s) 


for t £ (to»to+2a3 


<4.2.2) 


For any k, the first expression in (4,2.2) defines 
x^^^ on J^to-2aA:jto J where x^^^(t) = Xoj since 
(t,x^) £ E for t £ the second expression 

of (4.2.2) defines x^^^ as a function of bounded 
Variation on the interval (tQ,tQ-*-2a/kl , Let us 
assume that x^^^ is defined on Qt^-2aA:,tQ+2aJ/k3 i 
1 ^ j < k. Then, we have for t £ Lto-2a/k,to-*-2aj/k3 j 


jx(^)(t)_x^| < v(x^^\ ,)-XQ,£tQ-2a/k,to+2aj AJ) 
to+2ajA . 

S I |f(s,x^^ns-2aA)|ds 
to 

to+2ajA 

|G(s,x^^^<s-2aA) jdvuCs) 
to 

(4.2.3) 


< c < b , by (4.2.1) 
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and therefore the second expression of (4.2,2) defines 
on (tQ+2ajAj tQ+2a(3+l)/k3 . Thus x^^^ is defined 
on £tj^-2a/k;, tQ+2aJ and it can be seen, as in (4,2.3), 
that 

Ix^^^(t) - XqI < v(x^^^( . )-x^^, [[tQ--2a/k,to+2a3 ) 
< ^ (4.2.4) 


Define 

•x^^^(t+2aA:) = x^^^(t), to-2aA< t < t^5+2( 1- iyk)a, 

k > 2 (4,2.5) 

Prom the right continuity of x » it follows that 
^(k) also right continuous. Also, by (4.2.4), 
are of uniform bounded variation on l^t^^tQ+a^ . By 
Helly^s selection principle, there exists a subsequence 

x^^j^ and a function x* such that 

lim "x^^^'\t) = x*(t) , t e [t^jto+a] (4.2.6) 

j-*co 

Therefore, by virtue of conditions (ii) and (iv), and 
(4.2.6), 

(k.) 

lim f(t,'x ^ (t)) = f(t,x*(t)) (4,2.7) 

OO 

lim G(t,1c^^3\t)) = G(t,x*(t)) (4.2.8) 

j-+oo 

By Lebesgue^s dominated convergence theorem, we have 

t _,(k-i) t i(t 

lim X f(s,x (s))ds = X f(s,x (s))ds 

T-+ OO t^ 

o o 



Also, 

t (k^) 

lim f GCsjX (s))du(s) 

3 to 

= limf f G(s,x ^\s))du^(s) 
j-bo*- to 

- X G(s,Sc^^*^^(s) )du (s)! j 
t^ 


Tfdiere du"^ and du” are positive and 
negative variations of LS-measure du. 

ij *13. 

= I G(s,x*(s) )du^Cs) - X G(s,x*(s))du (s) , 

^o -^^o 

by (4.2.8) using Lebesgue’s dominated 
convergence theorem. 

= X G( s,x (s) )du(s) . 


From (4.2.2), 


we write 


^(kj) 

X 


(t+2aA;j) 


=1 


Xq for t £ L'’"o”^^^j »^o - 

^ (k-) 

Xo+ X f(s,x ^(s))ds 

^o 

+ X G(s,x (s))du(s) 

' for t e Cto»to+a3 


Taking limit as J -+ oo, we have 

^ * 

x*(t) = x^+X f(s,x (s))ds+X G(s,x (s))du(s) 
^o to 

for t £ Lto>tQ+a3 • Hence x is a solution of (4.1.1) 
on j^toj V ^3 through (to, Xq) . 
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4.3 STABILITY 

We begin by recalling certain definitions. 

Let - x(.;tQ,xo) be any solution of the- 
differential equation 

= f(t,x)} x(to) = Xo» "fco — ® (4.3.1) 

dt 

•where f is defined and continuous on R"'’ x Sp , 
being the set 

Sp ~ € R^ ! 1 X i <p|- . 

¥e assume that f(t,0) = 0, t G R"*” , so that x = 0 is 
a (trivial) solution of (4.3,1) through (to 5 0) . 

DEFINITION Tio, (S3), p, 136 3 i The trivial solution 
X = 0 of (4.3.1) is quasi - equi asymptotically stable 
if, for each£ > 0, t^ G R , there exist positive numbers 
Sq = 6Q(tQ) and T = T(to,'E ) such that, for t>to+T 

and jxo! < 60, 

|x (t^t^jXQ)! * 

DEFINITION [^19i p. 158 3 * The trivial solution of 
(4,3,1) is said to be exponentially asymptotically 
stable if there exist a c > 0 and a 10' > 0 such that 

I X (t; xfe) I < K e |xo|. 



A scalar function V(t,x) defined on x S is 
Called a Lyapunov function if it is continuous in (t,x) 
and locally Lipschitz in x. If VCtjx) is a Lyapunov 
function then we define 

V (t,x) = lim JV(t+h,x+hf(t,x))-V(t,x) i 

(4.1.3) h-^o+ hi ^ 

= IM V(t+h,x(t-i-h))-V(t,x)| 

h-K) * 

where xC.) is the solution of (4.1.3) through (t,x). 

Me shall now consider the perturbed system 
Dx = f(t,x) + G(t,x) Du (4.3.2) 

The following theorem will be proved. 

Theorem 9 s 

Let the trivial solution of (4.3.1) be 
exponentially asymptotically stable, i.e. there exist 
a c > 0 and a K > 0 such that 
lx(t;to,Xo)l < K 
Suppose that 

( 1) f(t,x) satisfies Lipschitz condition in 
for a constant M - M( '^ ) >0 j 

(2) !G(t,x)| < g(t) fx| ; 

oo 

(3) Jwj (t)dt < oo, -vdiere 

° ^ -r- 1 t+h 

0o(t) = 11m g(s)dv„(s) 

h CX-h ^ 

is the upper right Dini derivative of the 
indefinite integral g(s)dvu(s) ? 


X 



(4) the discontinuities t^^ < t2 < ...... < tjj. < ... 

of u are isolated y and are such that 

- u(tu-)| < < 

CO 

Then if 2 g^tj^.) converges and ^ is sufficiently small j 

the trivial solution x = 0 of (4.3.2) is quasi - equi 
asymptotically stable. 

PROOF i By 3,6.2 and Cor. 3.6. 1^ or [38, Cor. of 

Th. 19,2] , there exists a Lyapunov function 7(t,x) defined 
on X with, the following properties 

(i) 1 V(t,x)-V(t,y) 1 <L 1 x-y} 

(ii) 1x1 < VCt,x) < K}xi 


(iii) V (t,x) < - pc V(t,x), where 0< p < 1. 

(4.3.1) 

Consider a function W(t,x) defined on R"^ x Sp by 

W(t,x) = V(t,x) exp4 -Lfco ( s) ds i (4.3.3) 

o 

Let x( . 5 t,x) and x( , ; t,x) be solutions through 
(t,x) of (4.3.1) and (4.3.2) respectively. We have, 


W‘ 


(4.3.2) 

lim i- 

h-»- 0+ ^ 


+ lim — 
h-*’ 0+ h 


(t,x) = lim T— 4 W(t+h,x*(t+h;t ,x))-W(t,x) 
0 + ^ ^ 

■^W(t+h,x*(t+h;t ,x)) - W(t+h,x(t+h5t,x))| 
^W(t+h,x(t+h;t,x)) - ¥(t,x) |. 
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=lim i 


h"*’ 0+ 


t+h 

-L/q (s)c[s , 

e ^ V(t+h,x*(t+h;t,x 5 )-V(t+h,xCt+h;t,x)) 




(4.3.1) 


(t ,x) 


=11111 ^ e 

h-^ 0+ “ 


t+h 

'I>r ta(s)ds 
o 


t+h 


^^V^It+hjx+X f(s,x*(s;t,x)as 


t+h 

+r G(s,x*(s;t,x))du(s)l 

■fc 


r 

- 7 jj;+h, 2 +J f(s,x(s;t,x))dsj|| 


-L/co (s)ds 
o 

+ e 

(4.3.1) 

t+h 

-Lf ujCs)ds 

o I t+h 

e 

h + 0 + h ‘‘ t 


< lim ^ 


4 V* (t,x) - Lcg(t) V(t,x) 

\ (4 - ' 

[ s)d 

"I ir I f(s,x (s;t ,x) ) 

-f( s, x( S}t ^ x) ) 1 ds 




Is ^ \ 

+Lr |g(s,x (s;t,x))ldVu(s)^ 


-L/ to(s)ds 
o 

t+h 

-Lf <+>(s)ds 

< lim “ ® A ^ sup lx (s;t,x)-i(s 5 t ,x) [h 


h-+ 0 + 


t< s <t+h 


+L sup (x (sjtjx) |fg(s)dv-u(s)'> 
t<s<t+h t i 


•Lrw( s)ds 
o 


+e ^-pcV(t,x)-Lco(t)V(t,x)^ 
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t 

-Lrcu(s)ds 

O V 

-Q < Lti) (t) I xj -peV(t,x)-Lcu(t)V(t,x) > 

t ■ r 

-L/W (s)ds 



|La)(t)?(t,x)-pc¥(t,x)-LtA)(tmt,x)/ 


= -pc WCtjx) 


(4.3.4) 


Since x (.jtojXo) is continuous on 
k=l,2,... , we have, by [^38,Th.4. 1 J , 

W(t,x*(t jtojXo)) 

♦. -PcCt-tv.T) 

for t e pk-lJ^k) (4.3.5) 

We have , 

X (t;to,Xo) - x*(t-;t^,x^) 

t ^ 

=lim J T f(s,x Cs;to,x„))ds 
h-^ 0+1 t-h o 

t ^ > 

+J G(s,x (s;to 5 2 y,))du(s) f (4.3.6) 

t-h ^ ^ 

The first limit on the right is zero ; and we shall 
prove that 

t , 

lim f G(s,x (s;t„,Xo))du(s) 
h-^ 0+4-h 

=|G(t,x*(t;tojXb))(u(t)-u(t-))| 

Considej^ the positive measure jji defined by 


(4.3.7) 



Let h^>h 2 ^h 3 > .... > 0 and let Ajj= “^3 siad 0 

00 . 

as k-*-oo . Then AiDA 2 r:> A 3 3... and M A]j-=Aq i^ere Ao=-[^f • 

k- ! 

Therefore, [^(Aj^) ^-CAq) (Rudin [^333 » Th. 1.19(e)). 

But pCAp) = jG(t ,x*(t 5 tQ,XQ))(u(t)“U(t-))|, by Munroe 23> 
Ex.s,p.l99j . Therefore (4.3.7) is established 5 and we 
have, from (4.3.6), 

lx (t ;to,Xo)-x*(t- 5to,Xo)| 

= |G(t,x*(t ;to»Xo))(u(t)-u(t-))| (4.3.8) 


Now, 

fW( :t,x*(tjt^j,XQ) )-W(t,x*(t- ;to,Xo)) 1 

=lim { W(t,x*(t ;t^,Xo))-W(t-h,x*(t-h;to>xo))| , 
h-> 0 + 

since W(t,x) is continuous and x’'‘(.) is 

, right continuous 
t 

-Lf 6 o(s)ds ^ 

o lV(t,x*(t;to,Xo))-''^(t, X (t-;to,Xo) )1 

t 

-L/ co(s)ds 

- ® ^ I^lx*(t;to,Xo) - x*(t-;to,Xo)| 

-L |a}(s)ds 

° I.lGCt,x*(t!to,Xo))| lu(t)-uCt-)|, 

-L ; a>(s)ds (4.3.8) 

o 

< e L g(t) ix*(t;to,Xo) 1 }u(t)-u(t-)l 

t 

-L r ai(s)ds 
o 


< e 


L ^ g(t) lu(t)-u(t-) I 


(4.3.9) 



Lst h g ^ • ^0 3Ji< 3 Ist ^3 3 ^^ ^ 

00 Y 

as k-*- oo , Then A 2 r? A 3 3 , . . and fl ^o~ ■[ “^ f 

Therefore, ^(Ajj;) "*■ I^CAq) (Rudin [^SSj , Th. 1.19(e)). 

But |4 CAq) = jG(t ,x*(t ;tQ,XQ) )(u(t)-u(t- ) )j, by Munroe [^ 2 ^ 
Ex.s,p.l99j . Therefore (4.3.7) is established ; and we 
have, from (4.3.6), 

lx (t;to,x^)-x*(t- ;tojXo)| 

= 1 G(t ,x*(t ;to jXq) )(u(t)-u(t-))l (4.3.8) 


Now, 


|W( t,x*(t ;tQ,x^) )-W(t,x*(t- *,tQ,Xo) ) i 


=lim I W(t,x*(t;t„,Xo))-W(t-h,x*(t-h;to»3K)))| , 
h-*- 0 + 

since W(t,x) is continuous and x*(.) is 
, right continuous 

t t> , 

-LJ oo(s)ds 

_ o lV(t ,x’''(t ;to,xo) )-''^(t, X (t- 5 to,Xo) )1 


< e 


-Lf co(s)ds 

I'U*(t;to,Xo) - x*(t-;to,Xo)| 




-L J‘uJ(s)ds 

— e L!G(t,x*(t;to,Xo)){ lu(t)-u(t- ) 1 , 

t 

-L J" CO (s)ds 
o 


by (4.3.8) 


< e 


L g(t) |x(t;to,Xo)l |u(t)-u(t-)f 


-L r uj)(s)ds 
o 


< e 


L^g(t) ju(t)-u(t-) 


(4.3.9) 
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Therefore. 


WCtjcjx: (ti5-;to,xb)) 

< WCtjjjX j'f'o j SCq)) ‘*'6 


-h /^^co(s)ds 


-ll(tk-){ 


X tr<' 4 - */' 4 . +. \\ 

< WCtk.^jX (tk_-L;to»3Co)) e 

■^^o^^(s)ds -c(tk-to) 

+e =(L pg(tk) e j 

by (4.3.5) and condition(4) of the theorem, 

-pc(tv-t.k- * Rcrtv-to) 

< e • W(tk.i,x (tk.i5t^,Xo))-^=(Lfg(tk)i^ ^ 


since 0 < p < i. 


(4.3.10) 


Now, from (4.3.6), 

W(t,x*(t;to,Xo)) 

-pc(t-to) 

- e forte Qojti) (4.3.11) 

mi 

WCt ,x*Ct ;tQ,Xo) ) 

^ / *, , -pc(t-t-,) 

— W^ijX (t^^jt^jx©)) e for t e C^l»^2^ 

< |^W(to>xb) ■*■ < Lpg(tx)l e for te^t^jt^)^ 

by (4.3.10) and (4.3.11). 


In general, 

W(t,x*(t;t ,Xo)) 

■ oo 

< [W(tojXo) + L p=<Z^^g(tk)J 


-pc(t-to) 

e 



This implies 


t 

-I* / t*>J(s)ds 

Ix^CtjtojXo) le 

to 

-L / a)(s)ds oo -^c(t-to) 

< [k |xol e g(tk) ! e 


therefore , 


lx*Ct;to,Xo) I 

<[K|xoi + Lp=(|^^g(tk)] 


CO 

^ '^(s)ds 
e 


-pc(t-to) 

e 


(4.3.12) 


Let 6o ( ^ P ) such that if fxol < 5o then 

X CO 

/q ^ (s)ds 

K ixol e < 6i, v^ere 0 < 63^ < 

and let =( be such that 

00 

roJ(s)ds 

00 Q 

L p =c 2 g(tk) e < P - 61 • 

k=l ^ 

The theorem then follows from (4.3.12). 



CHAPTER 5 


AN OPTIMAL CONTROL PROBLEM 
WITH T®CTOR - VALUED COST EUNCTIONAL 

5.1 INTROroCTION 

One of the important problems in optimal 
processes is the proper choice of the cost functional. 
In many cases it is a compromise worked out on several 
desirable characteristics. It seems quite reasonable 
that a compromise worked out on the basis of already 
obtained values of the characteristics is superior to 
a compromise of the cost itinctionals a priori. For 
example, consider a hierarchical optimal problem with 
twp, say, cost functionals where if 

the control minimizing cost functional J^Cu) is not 
unique, one chooses a control which minimizes 
among the controls which minimijie J^Cu). Let u^ be 
optimal*' control obtained in this manner. A control 
Uq for viilch J^Cuq) is slightly greater but 

J2v'^o) is considerably less than J2^’^ » i® preferable 

a|c 

to u in many cases. Keeping this consideration in 
view, an optimal control problem with vector-valued 
cost functional is formulated in this chapter. 



yy 

5,2 formulation OF OPTIMAL CONTROL PROBLEM 

Let Be a fixed interval? S a danain 

of bP and Q a nonempty compact subset of R°^* Define 

,B = y mi r<,t] ,s) , (5.2.1) 

tS[to,pl 

and 

U = 4 u6B\r( rto»Pl »Q) |u right continuous f 

^ (5.2.2) 

Consider a control process governed by 

the measure differential equation 

Dx = f(t,x^,u(t)) + G(t ,X|. >u(t))Du (5.2,8) 

where x^ is defined by (2.2.4), f is a functional 

defined for tSjjtQjpJ, x £ B, u £ U with range in 

R^ and G is a functional defined for t £ > ' 

X £ B, u £ U with range in the spaceHf of all n x m 

matrices . Let f and G satisfy the following assumptions * 

Aq » For each x£ B, u€ U, f(t,xtj u(t)) is *1 

Lebesgue measurable function of t and 

GCt,Xj;,u(t)) is integrable function of t 

with respect to LS-measure du(t) ; 

A- : lim x^^^(s) = x*(s) for each s £ r=(>T] 

^ oo 

and 

lim u^^^ (s) = u*(s) for each s £ [^tQ,Tj 
k-+ oo 

imply 

lim f(t,xi^^ , u^^^Ct)) = f(t,xt ?u*(t)) 
k-+ oo 

for each t £ 

( to < T < ^ ) 





Ag * There exists a real function r, defined on 
l^tojPjand integrable with respect to the 
Lebesgne measure, such that 
{f(t,xt,u(t>){ < r(t) 
uniformly with respect to x £ B, u 6 ^5 

Ag * If 

lim tjj. = t*, % e \taT] , 

k-bo 

llm x^^^(t) = x*(t) for each t 6 
k-+ oo 

and 

lim u^^^(t) = u*(t) for each t 6 
k~^ oo 

then 

, (k) (k), 

lim G(t]j., x^ , u Ctj^)) = G(t ,x ^ ,u (t )} 
k~^ oo ^ i 

( t^ < T < ^ ) 

A^ : There exists a ccnstant K such that 

iG(t,xt.,u(t))} < K 

--Uniformly with respect to x £ B, u £ U. 

Let ^£ B ¥ C L=<»io^ ^ given. Under the 

as^mptions A^ through A^, (6.2,3) has a bounded variation 
solution X, for each choice of u £ U, satisfying the 
initial conditicxi xCt)t= f>(t) for t £[2‘=(,tQ3 . This 
follows from Theorem 3, If u £ U defined on the interval 
|2tQ,t^3 is such that the corresponding solution 
X = X C. 5 to, Cp ) of (6.2.3) is also defined on £ to, t ^^3 



then u is called an admissible control and x is called the 


corresponding trajectory-j and we define 

t 

! 


J^Cu) = if (t ,x(t) ,u(t) )dt , 


— 1}2 )•**•) ^ 


(5,2.4) 


^ere h are continuous real functions defined on 

X S X Q • The vector function J with ccanponents 

, . . . , is called cost functional of the system 

I 

(5,2,3) and the vector J(u) 6 R is called the cost of 
the (admissible) control u. We introduce a partial 
ordering in the set-^J{u) i u admissible as follows : 


DEFINITION s 

J(u*) < J(u), u,u* admissible 
if 

J^Cu*) < J*^(u) for each ^ = 1,2,,.,, £ • 

A target set is a family of nonempty compact 
sets T^cz R^ defined for t that an 

admissible control u defined on []tQ,t 2 l transfers the 
function ^ 6 B V ( ,S) to the target setO j if 

the trajectory x = x( . jt^, ,u) , corresponding to the 
initial function (p and the control u, satisfies the 
relation xCt^) € ibe set of all admissible 

controls which transfer to . 


DEFINITION 1 A control u* will be called an 
optimal control if 

JCu) < J(u*) implies J(u) = JCu'*') 
for each u eA . 


82 


♦ 

Thus, ft is optimal if no cost is less than 
J(u*) i.e. if J(u*} is minimal (Halmos with respect 

to the partial ordering defined above. 

The optimization problem consists in finding 
such an optimal control. 

5.3 EXISTMCE OF M OPTIMAL COKTROL 
Theorem 10 t 

Let a control problem be given with the 
following data i 

<a) Dx = f(t,xt,u(t)) + G(t,xt,u(t))Du, tS [to,p] 
with f and G satisfying the assumptions A©* 

A^, AgJ -^3 ®iid A^ (of section 5.2) 

(the differential constraint)! 

(b) the given initial function Cp is an element of 
BVCCK,to3 ,S) ; 

(c) '3 5 the target set, is a family of nonempty 

compact sets T^C R^ defined on l[tQ,p] and 
upper semicontinuous with respect to inclusion; 

(d) j4 is the set of admissible controls u defined 

on subintervals co^'tained in Lt^,p3 

with the same left end point t^ (and perhaps 
different right' end point t^ > tQ) -^daich 

transfer(pto an^ further for each u 6^^ 

!A U 1 < w 

on each subinterval of [_to,ti3 ^Jere w is a. 



given nondecreasing right continuous real 
function defined on tQ,p^ (the symbols w 
on the interval |^a?b^ , say, denotes w(b)-w(a)) 
1 ^ 

(e) J = (J ) is the cost functional 

■where are defined by ' 

j'^Cu) = ; h*^(t,x(t),u(t))dt, V = 1 , 2 ,../ 

^o 

h^ being real continuous functions defined on 

Cto,p3 X S X qi 

(f) -4 is nonempty,. 

The control problem satisfying the 
conditions given abovefeas an optimal control inj4. 

PROOF t Since for each u 6 vA , [ Au| < on each 
subinterval of £to,t 23 » therefore u 6 are of unifoimi 
bounded variation. We shall show that the corresponding 
trajectories x are also of uniform bounded variation. 

We have 

for t e G<,to3 

^ f(s,Xs,u(s))ds ( 5 . 3 . 1 ) 

to 

t 

I +f G(s,Xg,u(s))du(s) for t 6 (tQit^l 
\ "^o 


Therefore, 


ti 

v(x,[jtQ >t ^) < J ( f( s,Xg,u( s) ) j ds 


(G(s,Xg,u(s)) 1 dv.^(s) 


< J r(s)ds + Kv(u, [^tQ,t^l ), 


'o 


by A 2 and A 4 
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Frcan this we obtain 

P 

v(x, r t^jt-D < / r(s)ds + K(w(p)-w(to)) (5.3^2) 

■^o 

\^ich shows that v(x,[toj'tll) uniformly bounded for 
all trajectories x corresponding to controls InM • Hence 
the trajectories x are also uniformly bounded. 

Now, since is nonempty, and the corresponding 
trajectories are uniformly bounded, it follows that for 
each = 1, 2 , ^ , 

inf J^(u) (5.3.3) 

u6jA 

is finite . 

Since^ is nonempty, let u^ 6^4^. Let 

P =-^J(u) j JCu) < JCuo)» uG^ ( 5 . 3 , 4 ) 

so that PCJ )C1 R'^, P is not empty since J(uo)6P. 

Our aim now is to show that every chain (Halmos C-ie] ) 
in P has infimum (greatest lower bound) belonging to P- 
and then to apply Zorn* s lemma to show that P contains a ' 
minimal element !(**), say. will then be an optimal 
control, 

Let{^ be any chain in P. If ^ is finite it 
obviously contains the infimum. Let us consider the case 
when^is infinite. ¥e have, from (5.3.3), for each 
P = 1 , 2 ,..., the set.^J^(u) | u 6 is bounded below 
by m*^ and so its infimum exists. 'Let 
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We can select fromj^ ^ sequence of controls 

u^^^^on f^t^jt^^^witb 6 (5.3.6) 

such that j'^Cu^^b decreases monotonically to c 
(P =1,3,..., X ). To see this, let (5.3.6 ) he so 
selected that J^u^^b decreases monotonically to cb 
and suppose for some ^ 2 <9g < L t 

and 


J*^(u^^b c'^for P 

C ic } 

then select another sequence u^ 






Then we shall also have, for this 


^ If 2 5 # • • j 1 J 

such that 


sequence f 


(u^ ) -*■ c'^ for V= 1,2,.., y. -1 ; 

for, we have ^ S (u^^b for k> for sane 

ko and, therefore, since 6- is a chain , 

j'^Cui^b <jbu^^b, P =1,2,.., Pa -1 

SO that lim J ^ (u^^b - c » ^ = lj2 , . . . , Pb - 1. 
k-*- oo * 


Proceeding this way the sequence (5.3,6 ) can finally be 
selected. 


Now we select a subsequence of (6.3.6 ), still 

C kl' C k ^ 

to be called u^ % such that t^ -+ t^ monotonically. 
Consider the case when-^t^^^^ is monotonic decreasing 
(the case when it is increasing will be considered later). 
Next choose t3_ such that 't^ = t^ if t^^^= t^ for all k, 
otherwise let t* < < t^ < < p for some ko* 
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(From now on all references to the index k tacitly 
assomes k > k^). We define the extended control 

on[t^,tilby- 




11 


(t) ^ ^ C^o’^l (S.3.7) 


1 » 

Since n^^^(t) 6 Q for all t €|^tQ,t^^^3 » also 

6 Q for t c Ht^jt^J • Evidently ' are right continuous 
on ^t^jt^), and j < /N,w on every subinterval of 

J • W Kelly* s selection principle, there 

exists a subsecpience (for which we shall use the same 
notation u^^) and a function of bounded variation u* 
such that 


lim u^^^(t) = u*it) (5..a.«>) 

k-*- oo _ ; 

everywhere on L^o»'^l3 • will be proved that u* £-4 . 

This will 'be done in several steps. 

Step I J VJe shall first show that u* is right contiraicus.Let 
TTbe any point in j^t^yt^). Since j < £iw on every 

subinterval of QtQ^t^l , we have ■ 


i (T+s) - I ■ 

< w(T+s)-w(t), TT <t+s <t3^, ■ 

and since w is right continuous atT» it follows that given 
anyt >0, there exists a. d > 0 such that for any k, 


I - u^^^('T:} j <^ for 0< s < 6 . 



(5*3.9} 


Therefore, 

lim u (T+s) =11 (T) 

04- 

■uniformly in k» Also, 

lim u^^^ (T-^s) = u*(t+s} . 

k"+ oo 

Hence, applying the Moore theorem on interchange of order 
of repeated limits, we obtain 

^^^^(T+s) = lim lim u^^^CT+s) 
S-+CH- k->cx> k^oos-^0+ 


X ♦ © • j 


-a (r+ 0 ) = U*(T ) . 


♦ 

Thus, n is right continuous at n: , But t: was taken 
arbitrarily in^t^jt^). Hence u is right continuous at 
each t 6 t^jt . 

Step II • Since (t) £ Q for t £ and Q is 

compact, it follows from (5.3.8 ) that u*(t) also 6 Q for 

each t £ Lto»t^] • Since^u = lim Ziu^^^ on every 

k-^oo 

subinterval of Ht^jt^^ , it follows that given any 0, 

K * ..I * '^(k) 1.0 

^u < jAu 1 ■*■ o for sufficiently large k 

< A ^ ^ • 


Since%is arbitrary, we get 
hn* < J\v 

on every subinterval of [tQit;^^ . 





step III t let x^^Vbe the trajectory defined on 

corresponding to the control (k=1^2,.. .), 

(k) T 

The extended control u^'^^coincides with ti on Lto»'*'l J 
and is constant and, therefore, contimions on !_t^, J 
(see (5.3,7 •) • Hence, by Theorem 4, x^^^ can be extended 
to l^toj^il * extended trajectory x^^^ is given by 


c^^^(t) 


< <f (t) for t € L^tj'to 3 
^ <^(to) **■ f(s,Xg^\n^^^Cs) )ds 


•'O 


+ X GCsjXg ,u (s))du (s) 
for t 0 Ctojbi3 


V 


(5.3. 11) 


Since 

v(u^^\ [;tojti3) = V Ctojti ^3 ), 

total variations of x ^ on [^to»t-j_3 oan be seen, as in 

A(k) 

(5.3,2), to be uniformly bounded, x . are also uniformly 
bounded on [^to,t]^3 • Hence there exists a subsequence 
(still to be labelled x^^^ ) and a function x* such that 


lim x^^^t) = x*(t) (6.3.12) 

k-t 00 

A 

everyfciiere on [^tQ,t23 • Sy selecting the corresponding 
subsequence frcm u(^) we do not change any of the 
preceding limiting operations satisfied by u(^^ . From 
(5.3.8 ), (5.3.12), P.i_ and A2> have, by Lebesgue’s 
dominated convergence theorem, 

lim ; f(s,4^\ u^^\s))ds 
k-+oo to 

t % 4^ 

= I f(s,x_,u Cs)) ds 
to . ® 

for all t € Lto»ti3 . 


(5,3,13) 
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Now, < ^w, j <iX^ on every 

subinterval of u^^^(t) -»■ u*(t) every^^ere 

"A 

onLtQ,t 3 _ 3 » Mrthermore, 


1 ^2 ^ /. A(k) A(k)/. v\ , f.s, 

i / G (t,xt jU (t))dw(t) 




^2 i A(k)/ j y.x 

i j G (t,xt 1 

ti j 

< 1 G(t,S^^^u^^^(t) I dw(t) 


^2 

< / Kdw( t ) , by A 
= K Cw(t 2 ) - wCt^))} 

and therefore the integrals f G^ (s,x^^^ s) )dw(s) 

^ ^ s 

are absolutely continuous with respect to dw(s) uniformly 
in k, and bounded uniformly. Also, by Ag, 

lim G(s,i''"\u^’'’(s)) = GCs,3t*,u*Cs)). 
k-o» ® 

Hence, by ( 1 . 2 . 11 ), we have 

lim X GCsjx^ ,u (s))du Cs) 
k-+ OO trv ^ 


= X G(s,x*,u*(s))du*<s) 

4 - o..' 


(5.3.14) 


for all t e % (5.3.. Uj, (5.3.12), (5.3.13) 

and (5.3, 14) , we obtain 
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X"(t) =:J 


i Cf (t) for t 6 


^(to) + T f(s,x*,u*(s)) ds 


+ r G(s,x^,u*( s) )du (s) 

* s 


'O 


(6,3,16) 

for t £ (to»ti 1 

i.e. X is the solution of (5,2,3) with initial function 

* 


Cp corresponding to the control n 


Step IV * We shall now show that 


A(k),.(k) 

lim X (t-, ) 

k-*- oo 


* 

X (t^) 


and that x’^(t^) ^ • 

We have. 


(’5 ,3,. HS}* 


1 - x*Ct^) 1 

_< 1 I 


I x* (ti^b - X*(tp I 


(5^^r?y 


Since u* is right continuous on L'^o'^ll v given by 
(6.3, i5) is also right continuous on ^t^jt^l .Therefore, 

x*(t 2 ^^) -+ X* (t^ ) and hence the last term on the 
right in (5.3,17) approaches zero as k co ^ 



Further, 


X 




j.^k) 

_ "Jl (k) (k), , 

= j fCs,x , u (,s))ds 

4 * S 




(k) 


+ r G(s,Xg^\ (s))du^^^(s) 

t 3 


Ck) 


(k) 


r ^ fCsjXg, u*(s))ds-; ^G(s,x*,Ti*(s))du*(s) 


* 

= r j_f(s,Xg^] u^^^Cs)) - fCs,x^,ii*(s) )J ds 
■^o 

4 -[r^ 

t* 

x\cs,x*, ti*(s))du*(s) J 

t(k) 

+ r f(s,Xg^\ u^^^(s)) - f(s,Xs,ii*(s)n ds 

H 


(k) 




Cs) 


Ck) 

^ GCsjXsjTI (s)) dn*Cs) j 


= 12 ^+ 12 + 13 + 14 * say. 
By (5^3.13) and (5.3,14:) , we have 

-*■ 0, -*■ 0 as k— »-oo , 



We have, farther, 


(k) 


1 ^3 I ^ 1 Ids 

*1 

+ I f(s,x^,u*(s)) I ds 

*1 

< 2 X^ r(s)ds 0 as k '*■00 j 

t* 

^(k) 

I I4 I ^Xi lG{s, 4 ’'\u^'''Cs))ldw(s> ■ 

+ jGCsjX*, Ta*(s))ldw(s) 

■^1 

p (k) a|e 

< 2 K l_w(ti ) - w(tj^)J - 0 as k-+ 00 ^ 

since w is right continuous. Thus (5.3.16) is 
established. 

Now , X (t$^b e T.Ck) for k ^ 1,2,.,., 


and X 


Ct*) = lim x^^^ 2:*(t5;) were not 


k-+ 00 


in T ^ then there would exist a neighbourhood N of the 

■^1 

'dk ' ' ' 

compact set T_^* so that x (tp is not in the closure N 
1 

of N. But since T^ is upper semicontinuous, GI N 
for t sufficiently near t* , Thus x^^^ (t^^^)6N for 
large k and yet x*(t*) ^N. This contradiction shows 
that x*(t^) £ T^* . 



9 <' 

Summing up the results in Steps I, II , III and 
*IV, It follows that tt on^toj t*J belongs to --4 • It will 
now be proved that J(u*) is infimmn . ¥e have, for 

each 9 — 1,2 , * • • , ^ , 

t 

= h’*'^ (s,x^^^(s) ,u^^^(s))ds 

+ P h^(s,x^^^'^(s), u^^^^(s))ds 

The continuity of h^^ and uniform boundedness of 

and u^^^ imply that h’^ (s, x^^^(s), u^^^ (s)) is also 

(k) 

uniformly, bounded on t^ 3 snd so the last integral 

in (5.3, iS) approaches zero, and since 

lim (t) = x*(t), lim u^^^ Ct) = u*Ct) 

k“*‘ OO o® 

everywhere onrt^,t 3 _j , therefor.3, by applying Lebesgue*s 
dominated convergence theorem to the first integral in 
(5.3,18)? we obtain 

* 

lim J'^Cu^^h = h^^ Cs,x*(s),u*(s))ds, 

k-»-oo to 

= (u*) (5.3.19} 

^ = 1 , 2 , . . « 5 . 

By (5.3.5) and (6.3.191, we get 

j'' (u*) = ,9 = 1,2, i . 


^k) 


h^ ( = 


x^^'(s) 


u"^^^ts))ds 
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Thus J(u*) € P is infimum of . Hence, by Zorn* s lesma, 

P viM contain a minimal element, say This proves 

the existence of an optimal control u in^ . 


(k)> 

We shall now consider the case when 3 1^ v 


(k) 

is monotonic increasing. We extend all the controls u 
to the interval j where "ti “ ^ 

appropriately small 6 > 0, by defining 

-Ck) f.s 4"“'^ C6.B.tK) 

1u<^^ Ctf ) for t £ 

As before, there exists a subsequence u^^^ (without 
changing the notation) and a right continuous function 
u* of bounded variation such that everywhere on , 

lim u^^^(t) = u*<t) (6.3*21) 

k-»- oo 


and 


T * A(k) , , \ 

lim X (t) = X (t) 

k-^ oo 


(5.3.22) 


, ><(’k) ♦ 

where x^ ' and x are the trajectories corresponding to 


Afkl * 

u and u respectively. 


Consider 


We shall show that 
(k) /.(k). 

lim X Ct^ ) = X (t 3 _) 
k-»- oo 


1 * ♦ 

|x Ct^ ) - X Ct^^)! 

< - x^^^(t* )| 

+ - X* (tjl 


(5.3.23) 


(5.3.24) 
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The last term on the right of C6«3,24 ) approaches zero 
as k CO because of (5,3,22). For the first term on the 
right, -we write 


X 


= fCs,Xg^\ u^^\s))ds 

4 - ° 

"o 

^(k) 

4;^ G(s,x^^\ n^^Hs)) 
to 

t* ^(k) 

- / f(s,Xs j 11 Cs))ds 
t^ 


du^^Us) 


G(s,x^^\ u^^^(s))du^^^ (s) 


■'o 

t* 


- r* f(s,x^^\ u^^\s))ds 
tCk) ^ ; : 

1 ♦ 

:)-Ck) S 


Then 


— ^-^^2 ^ say» 

+ 
tl 

]0 

'1 


* 

t_ 


)ds 


-+ 0 as k'^-^' oo ; 


and 


lo = - r^j^)GCs,z^^^, u^^^(s))du^^^Cs) = 
^^(k) * . . >■ .<k) *' 


"2 ;(k)“-"''s 

for each k. since "^^k) constant on Lt^^^t^] 6sse 
(5,3. 20 )). Thus (5.3. 23 ) is established. The rest of the 
argument proceeds just as before. This completes the proofs 
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